
◆❖❚❆➬Õ❊❙

R ✿ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s

N ✿ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s

C ✿ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s

i ✿ ✉♥✐❞❛❞❡ ✐♠❛❣✐♥ár✐❛✿ i2 = −1

|z| ✿ ♠ó❞✉❧♦ ❞♦ ♥ú♠❡r♦ z ∈ C

detA ✿ ❞❡t❡r♠✐♥❛♥t❡ ❞❛ ♠❛tr✐③ A

❞(A,B) ✿ ❞✐stâ♥❝✐❛ ❞♦ ♣♦♥t♦ A ❛♦ ♣♦♥t♦ B

❞(P, r) ✿ ❞✐stâ♥❝✐❛ ❞♦ ♣♦♥t♦ P à r❡t❛ r

AB ✿ s❡❣♠❡♥t♦ ❞❡ ❡①tr❡♠✐❞❛❞❡s ♥♦s ♣♦♥t♦s A ❡ B

Â ✿ ♠❡❞✐❞❛ ❞♦ â♥❣✉❧♦ ❞♦ ✈ért✐❝❡ A

[a, b] = {x ∈ R : a ≤ x ≤ b}
[a, b[ = {x ∈ R : a ≤ x < b}
]a, b] = {x ∈ R : a < x ≤ b}
]a, b[ = {x ∈ R : a < x < b}
(f ◦ g)(x) = f(g(x))

X \ Y = {x ∈ X ❡ x 6∈ Y }
n
∑

k=0

ak = a0 + a1 + a2 + · · ·+ an, s❡♥❞♦ n ✐♥t❡✐r♦ ♥ã♦ ♥❡❣❛t✐✈♦

❖❜s❡r✈❛çã♦✿ ❖s s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❝♦♥s✐❞❡r❛❞♦s sã♦ ♦s ❝❛rt❡s✐❛♥♦s r❡t❛♥❣✉❧❛r❡s✳

◗✉❡stã♦ ✶✳ ❖s ❧❛❞♦s ❞❡ ✉♠ tr✐â♥❣✉❧♦ ❞❡ ✈ért✐❝❡s A✱ B ❡ C ♠❡❞❡♠ AB = 3 ❝♠✱ BC = 7 ❝♠ ❡
CA = 8 ❝♠✳ ❆ ❝✐r❝✉♥❢❡rê♥❝✐❛ ✐♥s❝r✐t❛ ♥♦ tr✐â♥❣✉❧♦ t❛♥❣❡♥❝✐❛ ♦ ❧❛❞♦ AB ♥♦ ♣♦♥t♦ N ❡ ♦ ❧❛❞♦ CA ♥♦
♣♦♥t♦ K✳ ❊♥tã♦✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦ s❡❣♠❡♥t♦ NK✱ ❡♠ ❝♠✱ é

❆ ✭ ✮ 2✳

❉ ✭ ✮ 2
√
3✳

❇ ✭ ✮ 2
√
2✳

❊ ✭ ✮
7

2
✳

❈ ✭ ✮ 3.

◗✉❡stã♦ ✷✳ ❙❡ x é ✉♠ ♥ú♠❡r♦ r❡❛❧ q✉❡ s❛t✐s❢❛③ x3 = x+ 2✱ ❡♥tã♦ x10 é ✐❣✉❛❧ ❛

❆ ✭ ✮ 5x2 + 7x+ 9✳
❉ ✭ ✮ 7x2 + 5x+ 9✳

❇ ✭ ✮ 3x2 + 6x+ 8✳
❊ ✭ ✮ 9x2 + 3x+ 10✳

❈ ✭ ✮ 13x2 + 16x+ 12✳



◗✉❡stã♦ ✸✳ ❙❡❥❛♠ a ❡ b ♥ú♠❡r♦s ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s✳ ❙❡ a ❡ b sã♦✱ ♥❡ss❛ ♦r❞❡♠✱ t❡r♠♦s ❝♦♥s❡❝✉t✐✈♦s

❞❡ ✉♠❛ ♣r♦❣r❡ssã♦ ❣❡♦♠étr✐❝❛ ❞❡ r❛③ã♦
1

2
❡ ♦ t❡r♠♦ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡

(

ax− b√
x

)12

é ✐❣✉❛❧ ❛ ✼✾✷✵✱

❡♥tã♦ a+ b é

❆ ✭ ✮ ✷✳ ❇ ✭ ✮ ✸✳ ❈ ✭ ✮ ✹✳ ❉ ✭ ✮ ✺✳ ❊ ✭ ✮ ✻✳

◗✉❡stã♦ ✹✳ ❈♦♥s✐❞❡r❡ ❛s ❢✉♥çõ❡s f, g : R → R ❞❛❞❛s ♣♦r f(x) = ax + b ❡ g(x) = cx + d✱ ❝♦♠
a, b, c, d ∈ R✱ a 6= 0 ❡ c 6= 0✳ ❙❡ f−1 ◦ g−1 = g−1 ◦ f−1✱ ❡♥tã♦ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ❛s ❝♦♥st❛♥t❡s a, b, c ❡
d é ❞❛❞❛ ♣♦r

❆ ✭ ✮ b+ ad = d+ bc✳
❉ ✭ ✮ b+ ac = d+ ba✳

❇ ✭ ✮ d+ ba = c+ db✳
❊ ✭ ✮ c+ da = b+ cd✳

❈ ✭ ✮ a+ db = b+ cd✳

◗✉❡stã♦ ✺✳ ❙❡❥❛♠ x1, . . . , x5 ❡ y1, . . . , y5 ♥ú♠❡r♦s r❡❛✐s ❛r❜✐trár✐♦s ❡ A = (aij) ✉♠❛ ♠❛tr✐③ 5 × 5
❞❡✜♥✐❞❛ ♣♦r aij = xi + yj✱ 1 ≤ i, j ≤ 5✳ ❙❡ r é ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❛ ♠❛tr✐③ A✱ ❡♥tã♦ ♦ ♠❛✐♦r ✈❛❧♦r
♣♦ssí✈❡❧ ❞❡ r é

❆ ✭ ✮ ✶✳ ❇ ✭ ✮ ✷✳ ❈ ✭ ✮ ✸✳ ❉ ✭ ✮ ✹✳ ❊ ✭ ✮ ✺✳

◗✉❡stã♦ ✻✳ ❙♦❜r❡ ❞✉❛s r❡t❛s ♣❛r❛❧❡❧❛s r ❡ s sã♦ t♦♠❛❞♦s ✶✸ ♣♦♥t♦s✱ m ♣♦♥t♦s ❡♠ r ❡ n ♣♦♥t♦s ❡♠
s✱ s❡♥❞♦ m > n✳ ❈♦♠ ♦s ♣♦♥t♦s sã♦ ❢♦r♠❛❞♦s t♦❞♦s ♦s tr✐â♥❣✉❧♦s ❡ q✉❛❞r✐❧át❡r♦s ❝♦♥✈❡①♦s ♣♦ssí✈❡✐s✳
❙❛❜❡✲s❡ q✉❡ ♦ q✉♦❝✐❡♥t❡ ❡♥tr❡ ♦ ♥ú♠❡r♦ ❞❡ q✉❛❞r✐❧át❡r♦s ❡ ♦ ♥ú♠❡r♦ ❞❡ tr✐â♥❣✉❧♦s é 15/11✳ ❊♥tã♦✱
♦s ✈❛❧♦r❡s ❞❡ n ❡ m sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❆ ✭ ✮ ✷ ❡ ✶✶✳ ❇ ✭ ✮ ✸ ❡ ✶✵✳ ❈ ✭ ✮ ✹ ❡ ✾✳ ❉ ✭ ✮ ✺ ❡ ✽✳ ❊ ✭ ✮ ✻ ❡ ✼✳

◗✉❡stã♦ ✼✳ ❈♦♥s✐❞❡r❡ ❛ ❞❡✜♥✐çã♦✿ ❞✉❛s ❝✐r❝✉♥❢❡rê♥❝✐❛s sã♦ ♦rt♦❣♦♥❛✐s q✉❛♥❞♦ s❡ ✐♥t❡r❝❡♣t❛♠ ❡♠
❞♦✐s ♣♦♥t♦s ❞✐st✐♥t♦s ❡ ♥❡ss❡s ♣♦♥t♦s s✉❛s t❛♥❣❡♥t❡s sã♦ ♣❡r♣❡♥❞✐❝✉❧❛r❡s✳ ❈♦♠ r❡❧❛çã♦ às ❝✐r❝✉♥✲
❢❡rê♥❝✐❛s C1 : x2 + (y + 4)2 = 7✱ C2 : x2 + y2 = 9 ❡ C3 : (x − 5)2 + y2 = 16✱ ♣♦❞❡♠♦s ❛✜r♠❛r
q✉❡

❆ ✭ ✮ s♦♠❡♥t❡ C1 ❡ C2 sã♦ ♦rt♦❣♦♥❛✐s✳
❇ ✭ ✮ s♦♠❡♥t❡ C1 ❡ C3 sã♦ ♦rt♦❣♦♥❛✐s✳
❈ ✭ ✮ C2 é ♦rt♦❣♦♥❛❧ ❛ C1 ❡ ❛ C3✳
❉ ✭ ✮ C1✱ C2 ❡ C3 sã♦ ♦rt♦❣♦♥❛✐s ❞✉❛s ❛ ❞✉❛s✳
❊ ✭ ✮ ♥ã♦ ❤á ♦rt♦❣♦♥❛❧✐❞❛❞❡ ❡♥tr❡ ❛s ❝✐r❝✉♥❢❡rê♥❝✐❛s✳

◗✉❡stã♦ ✽✳ ❆s r❛í③❡s ❞♦ ♣♦❧✐♥ô♠✐♦ 1 + z + z2 + z3 + z4 + z5 + z6 + z7✱ q✉❛♥❞♦ r❡♣r❡s❡♥t❛❞❛s ♥♦
♣❧❛♥♦ ❝♦♠♣❧❡①♦✱ ❢♦r♠❛♠ ♦s ✈ért✐❝❡s ❞❡ ✉♠ ♣♦❧í❣♦♥♦ ❝♦♥✈❡①♦ ❝✉❥❛ ár❡❛ é

❆ ✭ ✮

√
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2
✳

❉ ✭ ✮
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√
2 + 1

2
✳

❇ ✭ ✮

√
2 + 1

2
✳

❊ ✭ ✮ 3
√
2✳

❈ ✭ ✮
√
2✳



◗✉❡stã♦ ✾✳ ❙❡ log2 π = a ❡ log5 π = b✱ ❡♥tã♦

❆ ✭ ✮
1

a
+

1

b
≤ 1

2
✳

❉ ✭ ✮
3

2
<

1

a
+

1

b
≤ 2✳

❇ ✭ ✮
1

2
<

1

a
+

1

b
≤ 1✳

❊ ✭ ✮ 2 <
1

a
+

1

b
✳

❈ ✭ ✮ 1 <
1

a
+

1

b
≤ 3

2
✳

◗✉❡stã♦ ✶✵✳ ❖ ❧✉❣❛r ❣❡♦♠étr✐❝♦ ❞❛s s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦ x2 + bx+ 1 = 0✱ q✉❛♥❞♦ |b| < 2✱ b ∈ R✱ é
r❡♣r❡s❡♥t❛❞♦ ♥♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦ ♣♦r

❆ ✭ ✮ ❞♦✐s ♣♦♥t♦s✳
❈ ✭ ✮ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ♠❡♥♦s ❞♦✐s ♣♦♥t♦s✳
❊ ✭ ✮ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛✳

❇ ✭ ✮ ✉♠ s❡❣♠❡♥t♦ ❞❡ r❡t❛✳
❉ ✭ ✮ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ♠❡♥♦s ✉♠ ♣♦♥t♦✳

◗✉❡stã♦ ✶✶✳ ❊♠ ✉♠ tr✐â♥❣✉❧♦ ❞❡ ✈ért✐❝❡s A✱ B ❡ C sã♦ ❞❛❞♦s B̂ = π/2✱ Ĉ = π/3 ❡ ♦ ❧❛❞♦ BC = 1
❝♠✳ ❙❡ ♦ ❧❛❞♦ AB é ♦ ❞✐â♠❡tr♦ ❞❡ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛✱ ❡♥tã♦ ❛ ár❡❛ ❞❛ ♣❛rt❡ ❞♦ tr✐â♥❣✉❧♦ ABC
❡①t❡r♥❛ à ❝✐r❝✉♥❢❡rê♥❝✐❛✱ ❡♠ ❝♠2✱ é

❆ ✭ ✮
π

8
− 3
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16
✳

❉ ✭ ✮
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3

16
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8
✳

❇ ✭ ✮
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4
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2
✳

❊ ✭ ✮
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8
− 3

√
3

16
✳

❈ ✭ ✮
5π

8
− 3

√
3

4
✳

◗✉❡stã♦ ✶✷✳ ❈♦♠ r❡❧❛çã♦ à ❡q✉❛çã♦
t❣3x− 3t❣x

1− 3t❣2x
+ 1 = 0✱ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡

❆ ✭ ✮ ♥♦ ✐♥t❡r✈❛❧♦
]

−π

2
,
π

2

[

❛ s♦♠❛ ❞❛s s♦❧✉çõ❡s é ✐❣✉❛❧ ❛ 0✳

❇ ✭ ✮ ♥♦ ✐♥t❡r✈❛❧♦
]

−π

2
,
π

2

[

❛ s♦♠❛ ❞❛s s♦❧✉çõ❡s é ♠❛✐♦r q✉❡ 0✳

❈ ✭ ✮ ❛ ❡q✉❛çã♦ ❛❞♠✐t❡ ❛♣❡♥❛s ✉♠❛ s♦❧✉çã♦ r❡❛❧✳

❉ ✭ ✮ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ♥♦ ✐♥t❡r✈❛❧♦
[

0,
π

2

]

✳

❊ ✭ ✮ ❡①✐st❡♠ ❞✉❛s s♦❧✉çõ❡s ♥♦ ✐♥t❡r✈❛❧♦
]

−π

2
, 0
]

✳

◗✉❡stã♦ ✶✸✳ ❙❡❥❛♠ A ❡ B ♠❛tr✐③❡s q✉❛❞r❛❞❛s n×n t❛✐s q✉❡ A+B = A ·B ❡ In ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡
n× n✳ ❉❛s ❛✜r♠❛çõ❡s✿

■✳ In − B é ✐♥✈❡rsí✈❡❧;
■■✳ In − A é ✐♥✈❡rsí✈❡❧;
■■■✳ A · B = B · A.
é ✭sã♦✮ ✈❡r❞❛❞❡✐r❛✭s✮

❆ ✭ ✮ ❙♦♠❡♥t❡ ■✳

❉ ✭ ✮ ❙♦♠❡♥t❡ ■ ❡ ■■✳

❇ ✭ ✮ ❙♦♠❡♥t❡ ■■✳

❊ ✭ ✮ ❚♦❞❛s✳

❈ ✭ ✮ ❙♦♠❡♥t❡ ■■■✳



◗✉❡stã♦ ✶✹✳ ❙❡ ♦ s✐st❡♠❛







x+ y + z = 0
2a2y + (2a4 − a)z = 0
x+ ay + (a3 − 1)z = 0

❛❞♠✐t❡ ✐♥✜♥✐t❛s s♦❧✉çõ❡s✱ ❡♥tã♦ ♦s ♣♦ssí✈❡✐s

✈❛❧♦r❡s ❞♦ ♣❛râ♠❡tr♦ a sã♦

❆ ✭ ✮ 0,−1,
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√
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3

2
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1 +

√
3

2
✳

❉ ✭ ✮ 0,−1,−1−
√
3,−1 +

√
3✳

◗✉❡stã♦ ✶✺✳ ❈♦♥s✐❞❡r❡ ❛ ♠❛tr✐③









1 x x2 x3

1 2 3 4
−1 3 4 5
−2 2 1 1









✱ x ∈ R✳ ❙❡ ♦ ♣♦❧✐♥ô♠✐♦ p(x) é ❞❛❞♦ ♣♦r

p(x) = ❞❡tA✱ ❡♥tã♦ ♦ ♣r♦❞✉t♦ ❞❛s r❛í③❡s ❞❡ p(x) é

❆ ✭ ✮
1

2
✳ ❇ ✭ ✮

1

3
✳ ❈ ✭ ✮

1

5
✳ ❉ ✭ ✮

1

7
✳ ❊ ✭ ✮

1

11
✳

◗✉❡stã♦ ✶✻✳ ❈♦♥s✐❞❡r❡ ❛ ❝❧❛ss✐✜❝❛çã♦✿ ❞♦✐s ✈ért✐❝❡s ❞❡ ✉♠ ♣❛r❛❧❡❧❡♣í♣❡❞♦ sã♦ ♥ã♦ ❛❞❥❛❝❡♥t❡s
q✉❛♥❞♦ ♥ã♦ ♣❡rt❡♥❝❡♠ à ♠❡s♠❛ ❛r❡st❛✳ ❯♠ t❡tr❛❡❞r♦ é ❢♦r♠❛❞♦ ♣♦r ✈ért✐❝❡s ♥ã♦ ❛❞❥❛❝❡♥t❡s ❞❡ ✉♠
♣❛r❛❧❡❧❡♣í♣❡❞♦ ❞❡ ❛r❡st❛s ✸ ❝♠✱ ✹ ❝♠ ❡ ✺ ❝♠✳ ❙❡ ♦ t❡tr❛❡❞r♦ t❡♠ s✉❛s ❛r❡st❛s ♦♣♦st❛s ❞❡ ♠❡s♠♦
❝♦♠♣r✐♠❡♥t♦✱ ❡♥tã♦ ♦ ✈♦❧✉♠❡ ❞♦ t❡tr❛❡❞r♦ é✱ ❡♠ ❝♠3✿

❆ ✭ ✮ 10✳ ❇ ✭ ✮ 12✳ ❈ ✭ ✮ 15✳ ❉ ✭ ✮ 20✳ ❊ ✭ ✮ 30✳

◗✉❡stã♦ ✶✼✳ ❖s tr✐â♥❣✉❧♦s ❡q✉✐❧át❡r♦s ABC ❡ ABD tê♠ ❧❛❞♦ ❝♦♠✉♠ AB✳ ❙❡❥❛ M ♦ ♣♦♥t♦ ♠é❞✐♦
❞❡ AB ❡ N ♦ ♣♦♥t♦ ♠é❞✐♦ ❞❡ CD✳ ❙❡ MN = CN = 2 ❝♠✱ ❡♥tã♦ ❛ ❛❧t✉r❛ r❡❧❛t✐✈❛ ❛♦ ❧❛❞♦ CD ❞♦
tr✐â♥❣✉❧♦ ACD ♠❡❞❡✱ ❡♠ ❝♠✱

❆ ✭ ✮

√
60

3
✳ ❇ ✭ ✮

√
50

3
✳ ❈ ✭ ✮

√
40

3
✳ ❉ ✭ ✮

√
30

3
✳ ❊ ✭ ✮

2
√
6

3
✳

◗✉❡stã♦ ✶✽✳ ❯♠❛ ♣r♦❣r❡ssã♦ ❛r✐t♠ét✐❝❛ (a1, a2, . . . , an) s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡✿ ♣❛r❛ ❝❛❞❛
n ∈ N✱ ❛ s♦♠❛ ❞❛ ♣r♦❣r❡ssã♦ é ✐❣✉❛❧ ❛ 2n2 + 5n✳ ◆❡ss❛s ❝♦♥❞✐çõ❡s✱ ♦ ❞❡t❡r♠✐♥❛♥t❡

❞❛ ♠❛tr✐③





a1 a2 a3
a4 a5 a6

a7 + 2 a8 a9



 é

❆ ✭ ✮ −96✳ ❇ ✭ ✮ −85✳ ❈ ✭ ✮ 63✳ ❉ ✭ ✮ 99✳ ❊ ✭ ✮ 115✳



◗✉❡stã♦ ✶✾✳ ❙ã♦ ❞❛❞❛s ❞✉❛s ❝❛✐①❛s✱ ✉♠❛ ❞❡❧❛s ❝♦♥té♠ três ❜♦❧❛s ❜r❛♥❝❛s ❡ ❞✉❛s ♣r❡t❛s ❡ ❛ ♦✉tr❛
❝♦♥té♠ ❞✉❛s ❜♦❧❛s ❜r❛♥❝❛s ❡ ✉♠❛ ♣r❡t❛✳ ❘❡t✐r❛✲s❡✱ ❛♦ ❛❝❛s♦✱ ✉♠❛ ❜♦❧❛ ❞❡ ❝❛❞❛ ❝❛✐①❛✳ ❙❡ P1 é ❛
♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❡ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❜♦❧❛ s❡❥❛ ♣r❡t❛ ❡ P2 ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❛s ❞✉❛s ❜♦❧❛s s❡r❡♠
❞❛ ♠❡s♠❛ ❝♦r✱ ❡♥tã♦ P1 + P2 ✈❛❧❡

❆ ✭ ✮
8

15
✳ ❇ ✭ ✮

7

15
✳ ❈ ✭ ✮

6

15
✳ ❉ ✭ ✮ 1✳ ❊ ✭ ✮

17

15
✳

◗✉❡stã♦ ✷✵✳ P❛r❛ q✉❡ ♦ s✐st❡♠❛

{

x+ y = 1
x3 + y3 = c2

❛❞♠✐t❛ ❛♣❡♥❛s s♦❧✉çõ❡s r❡❛✐s✱ t♦❞♦s ♦s ✈❛❧♦r❡s

r❡❛✐s ❞❡ c ♣❡rt❡♥❝❡♠ ❛♦ ❝♦♥❥✉♥t♦

❆ ✭ ✮

]

−∞,−1

4

[

✳

❉ ✭ ✮

[

1

2
,∞

[

✳

❇ ✭ ✮

]

−∞,−1

4

]

∪
[

1

4
,∞

[

✳

❊ ✭ ✮

]

−∞,−1

2

]

∪
[

1

2
,∞

[

✳

❈ ✭ ✮

[

−1

2
,−1

4

]

✳

❆❙ ◗❯❊❙❚Õ❊❙ ❉■❙❙❊❘❚❆❚■❱❆❙✱ ◆❯▼❊❘❆❉❆❙ ❉❊ ✷✶ ❆ ✸✵✱ ❉❊❱❊▼ ❙❊❘
❘❊❙❖▲❱■❉❆❙ ❊ ❘❊❙P❖◆❉■❉❆❙ ◆❖ ❈❆❉❊❘◆❖ ❉❊ ❙❖▲❯➬Õ❊❙✳

◗✉❡stã♦ ✷✶✳ ❯♠ ♣♦❧✐❡❞r♦ ❝♦♥✈❡①♦ t❡♠ ❢❛❝❡s tr✐❛♥❣✉❧❛r❡s ❡ q✉❛❞r❛♥❣✉❧❛r❡s✳ ❙❛❜❡✲s❡ q✉❡ ♦ ♥ú♠❡r♦
❞❡ ❛r❡st❛s✱ ♦ ♥ú♠❡r♦ ❞❡ ❢❛❝❡s tr✐❛♥❣✉❧❛r❡s ❡ ♦ ♥ú♠❡r♦ ❞❡ ❢❛❝❡s q✉❛❞r❛♥❣✉❧❛r❡s ❢♦r♠❛♠✱ ♥❡ss❛ ♦r❞❡♠✱
✉♠❛ ♣r♦❣r❡ssã♦ ❛r✐t♠ét✐❝❛ ❞❡ r❛③ã♦ −5✳ ❉❡t❡r♠✐♥❡ ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❞♦ ♣♦❧✐❡❞r♦✳

◗✉❡stã♦ ✷✷✳ ❊♥❝♦♥tr❡ ♦ ❝♦♥❥✉♥t♦ s♦❧✉çã♦ S ⊂ R ❞❛ ✐♥❡q✉❛çã♦ ❡①♣♦♥❡♥❝✐❛❧✿ 3x−2 +
4

∑

k=1

3x+k ≤ 1081

18
✳

◗✉❡stã♦ ✷✸✳ ◆♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦ sã♦ ❞❛❞❛s ❛s ❝✐r❝✉♥❢❡rê♥❝✐❛s C1 : x
2+y2 = 1 ❡ C2 : (x−4)2+y2 = 4✳

❉❡t❡r♠✐♥❡ ♦ ❝❡♥tr♦ ❡ ♦ r❛✐♦ ❞❡ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ C t❛♥❣❡♥t❡ s✐♠✉❧t❛♥❡❛♠❡♥t❡ ❛ C1 ❡ C2✱ ♣❛ss❛♥❞♦
♣❡❧♦ ♣♦♥t♦ A = (3,

√
3)✳

◗✉❡stã♦ ✷✹✳ ❙❡❥❛ z = cos
π

7
+ is❡♥

π

7
✳ P❡❞❡♠✲s❡✿

❛✮ ❯s❡ ❛ ♣r♦♣r✐❡❞❛❞❡ zk = cos
kπ

7
+ is❡♥

kπ

7
✱ k ∈ N✱ ♣❛r❛ ❡①♣r❡ss❛r cos

π

7
✱ cos

3π

7
❡ cos

5π

7
❡♠ ❢✉♥çã♦

❞❡ z✳

❜✮ ❉❡t❡r♠✐♥❡ ✐♥t❡✐r♦s a ❡ b t❛✐s q✉❡
a

b
= cos

π

7
+ cos

3π

7
+ cos

5π

7
✳

◗✉❡stã♦ ✷✺✳ ❯♠❛ r❡t❛ r s❡♣❛r❛ ✉♠ ♣❧❛♥♦ π ❡♠ ❞♦✐s s❡♠✐♣❧❛♥♦s π1 ❡ π2✳ ❈♦♥s✐❞❡r❡ ♣♦♥t♦s A ❡ B
t❛✐s q✉❡ A ∈ π1 ❡ B ∈ π2 ❞❡ ♠♦❞♦ q✉❡ d(A, r) = 3✱ d(B, r) = 6 ❡ d(A,B) = 15✳ ❯♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛
❝♦♥t✐❞❛ ❡♠ π ♣❛ss❛ ♣❡❧♦s ♣♦♥t♦s A ❡ B ❡ ❡♥❝♦♥tr❛ r ♥♦s ♣♦♥t♦s M ❡ N ✳ ❉❡t❡r♠✐♥❡ ❛ ♠❡♥♦r ❞✐stâ♥❝✐❛
♣♦ssí✈❡❧ ❡♥tr❡ ♦s ♣♦♥t♦s M ❡ N ✳



◗✉❡stã♦ ✷✻✳ ❉❡ ✉♠❛ ❝❛✐①❛ q✉❡ ❝♦♥té♠ ✶✵ ❜♦❧❛s ❜r❛♥❝❛s ❡ ✻ ❜♦❧❛s ♣r❡t❛s✱ sã♦ s❡❧❡❝✐♦♥❛❞❛s ❛♦ ❛❝❛s♦
k ❜♦❧❛s✳

❛✮ ◗✉❛❧ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❡ ❡①❛t❛♠❡♥t❡ r ❜♦❧❛s s❡❥❛♠ ❜r❛♥❝❛s✱ ♥❛s ❝♦♥❞✐çõ❡s 0 ≤ k − r ≤ 6 ❡
0 ≤ k ≤ 10✳

❜✮ ❯s❡ ♦ ✐t❡♠ ✭❛✮ ♣❛r❛ ❝❛❧❝✉❧❛r ❛ s♦♠❛
6

∑

r=0

(

10
r

)(

6
6− r

)

✳

◗✉❡stã♦ ✷✼✳ ◗✉❛♥t♦s ♣❛r❡s ❞❡ ♥ú♠❡r♦s ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s (A,B) ❡①✐st❡♠ ❝✉❥♦ ♠í♥✐♠♦ ♠ú❧t✐♣❧♦
❝♦♠✉♠ é 126× 103❄ P❛r❛ ❡❢❡✐t♦ ❞❡ ❝♦♥t❛❣❡♠✱ ❝♦♥s✐❞❡r❛r (A,B) ≡ (B,A)✳

◗✉❡stã♦ ✷✽✳ ❆ ❛r❡st❛ ❧❛t❡r❛❧ ❞❡ ✉♠❛ ♣✐râ♠✐❞❡ r❡t❛ ❞❡ ❜❛s❡ q✉❛❞r❛❞❛ ♠❡❞❡ 13 ❝♠ ❡ ❛ ár❡❛ ❞♦ ❝ír❝✉❧♦

✐♥s❝r✐t♦ ♥❛ ❜❛s❡ ♠❡❞❡
25π

2
❝♠2✳ ❉♦✐s ♣❧❛♥♦s✱ π1 ❡ π2✱ ♣❛r❛❧❡❧♦s à ❜❛s❡✱ ❞❡❝♦♠♣õ❡♠ ❛ ♣✐râ♠✐❞❡ ❡♠

três só❧✐❞♦s ❞❡ ♠❡s♠♦ ✈♦❧✉♠❡✳ ❉❡t❡r♠✐♥❡ ❛ ❛❧t✉r❛ ❞❡ ❝❛❞❛ ✉♠ ❞❡ss❡s só❧✐❞♦s✳

◗✉❡stã♦ ✷✾✳ ❙❡❥❛ p(x) ✉♠ ♣♦❧✐♥ô♠✐♦ ♥ã♦ ♥✉❧♦✳ ❙❡ x3 − 4x2 + 5x − 2 ❡ x3 − 5x2 + 8x − 4 sã♦
❞✐✈✐s♦r❡s ❞❡ p(x)✱ ❞❡t❡r♠✐♥❡ ♦ ♠❡♥♦r ❣r❛✉ ♣♦ssí✈❡❧ ❞❡ p(x)✳

◗✉❡stã♦ ✸✵✳ ◆♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦ sã♦ ❞❛❞♦s ♦ ♣♦♥t♦ P = (0, 3) ❡ ♦ tr✐â♥❣✉❧♦ ❞❡ ✈ért✐❝❡s A = (0, 0)✱
B = (3, 0) ❡ C = (3, 2)✳ ❉❡t❡r♠✐♥❡ ✉♠ ♣♦♥t♦ N s♦❜r❡ ♦ ❡✐①♦ ❞♦s x ❞❡ ♠♦❞♦ q✉❡ ❛ r❡t❛ q✉❡ ♣❛ss❛
♣♦r P ❡ N ❞✐✈✐❞❛ ♦ tr✐â♥❣✉❧♦ ABC ❡♠ ❞✉❛s r❡❣✐õ❡s ❞❡ ♠❡s♠❛ ár❡❛✳


