
◆❖❚❆➬Õ❊❙

R ✿ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s

C ✿ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s

i ✿ ✉♥✐❞❛❞❡ ✐♠❛❣✐♥ár✐❛ i2 = −1

detM ✿ ❞❡t❡r♠✐♥❛♥t❡ ❞❛ ♠❛tr✐③ M

M−1 ✿ ✐♥✈❡rs❛ ❞❛ ♠❛tr✐③ M

MN ✿ ♣r♦❞✉t♦ ❞❛s ♠❛tr✐③❡s M ❡ N

AB ✿ s❡❣♠❡♥t♦ ❞❡ r❡t❛ ❞❡ ❡①tr❡♠✐❞❛❞❡s ♥♦s ♣♦♥t♦s A ❡ B

[a, b] = {x ∈ R : a ≤ x ≤ b}
❖❜s❡r✈❛çã♦✿ ❖s s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❝♦♥s✐❞❡r❛❞♦s sã♦ ♦s ❝❛rt❡s✐❛♥♦s r❡t❛♥❣✉❧❛r❡s✳

◗✉❡stã♦ ✶✳ ❙❡❥❛♠ X ❡ Y ❞♦✐s ❝♦♥❥✉♥t♦s ✜♥✐t♦s ❝♦♠ X ⊂ Y ❡ X 6= Y ✳ ❈♦♥s✐❞❡r❡ ❛s s❡❣✉✐♥t❡s
❛✜r♠❛çõ❡s✿

■✳ ❊①✐st❡ ✉♠❛ ❜✐❥❡çã♦ f : X → Y ✳

■■✳ ❊①✐st❡ ✉♠❛ ❢✉♥çã♦ ✐♥❥❡t♦r❛ g : Y → X✳

■■■✳ ❖ ♥ú♠❡r♦ ❞❡ ❢✉♥çõ❡s ✐♥❥❡t♦r❛s f : X → Y é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ❢✉♥çõ❡s s♦❜r❡❥❡t♦r❛s g : Y → X✳

➱ ✭sã♦✮ ✈❡r❞❛❞❡✐r❛✭s✮

❆ ✭ ✮ ♥❡♥❤✉♠❛ ❞❡❧❛s✳
❉ ✭ ✮ ❛♣❡♥❛s ■ ❡ ■■✳

❇ ✭ ✮ ❛♣❡♥❛s ■✳
❊ ✭ ✮ t♦❞❛s✳

❈ ✭ ✮ ❛♣❡♥❛s ■■■✳

◗✉❡stã♦ ✷✳ ❖ ♥ú♠❡r♦ ❞❡ s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦ (1 + s❡❝θ)(1 + ❝♦ss❡❝θ) = 0✱ ❝♦♠ θ ∈ [−π, π]✱ é

❆ ✭ ✮ ✵✳ ❇ ✭ ✮ ✶✳ ❈ ✭ ✮ ✷✳ ❉ ✭ ✮ ✸✳ ❊ ✭ ✮ ✹✳

◗✉❡stã♦ ✸✳ ❙❡❥❛♠ a, b, c, d ∈ R✳ ❙✉♣♦♥❤❛ q✉❡ a, b, c, d ❢♦r♠❡♠✱ ♥❡st❛ ♦r❞❡♠✱ ✉♠❛ ♣r♦❣r❡ssã♦
❣❡♦♠étr✐❝❛ ❡ q✉❡ a, b/2, c/4, d−140 ❢♦r♠❡♠✱ ♥❡st❛ ♦r❞❡♠✱ ✉♠❛ ♣r♦❣r❡ssã♦ ❛r✐t♠ét✐❝❛✳ ❊♥tã♦✱ ♦ ✈❛❧♦r
❞❡ d− b é

❆ ✭ ✮ −140✳ ❇ ✭ ✮ −120✳ ❈ ✭ ✮ 0✳ ❉ ✭ ✮ 120✳ ❊ ✭ ✮ 140✳

◗✉❡stã♦ ✹✳ ❖ ♠❛✐♦r ✈❛❧♦r ❞❡ t❣ x✱ ❝♦♠ x = 1
2
❛r❝s❡♥(3

5
) ❡ x ∈

[

0, π
2

]

✱ é

❆ ✭ ✮ 1/4✳
❉ ✭ ✮ 2✳

❇ ✭ ✮ 1/3✳
❊ ✭ ✮ 3✳

❈ ✭ ✮ 1/2✳

◗✉❡stã♦ ✺✳ ❈♦♥s✐❞❡r❡ ❛ r❡t❛ r✿ y = 2x✳ ❙❡❥❛ A = (3, 3) ♦ ✈ért✐❝❡ ❞❡ ✉♠ q✉❛❞r❛❞♦ ABCD✱ ❝✉❥❛
❞✐❛❣♦♥❛❧ BD ❡stá ❝♦♥t✐❞❛ ❡♠ r✳ ❆ ár❡❛ ❞❡st❡ q✉❛❞r❛❞♦ é

❆ ✭ ✮
9

5
. ❇ ✭ ✮

12

5
. ❈ ✭ ✮

18

5
. ❉ ✭ ✮

21

5
. ❊ ✭ ✮

24

5
.

✶



◗✉❡stã♦ ✻✳ ❈♦♥s✐❞❡r❡ ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s

S































1

x
+

27

y2
+

8

z3
= 3

4

x
+

81

y2
+

40

z3
= 10

2

x
+

54

y2
+

24

z3
= 7

.

❙❡ (x, y, z) é ✉♠❛ s♦❧✉çã♦ r❡❛❧ ❞❡ S✱ ❡♥tã♦ |x|+ |y|+ |z| é ✐❣✉❛❧ ❛

❆ ✭ ✮ 0✳ ❇ ✭ ✮ 3✳ ❈ ✭ ✮ 6✳ ❉ ✭ ✮ 9✳ ❊ ✭ ✮ 12✳

◗✉❡stã♦ ✼✳ ❖ ♥ú♠❡r♦ ❞❡ s♦❧✉çõ❡s ✐♥t❡✐r❛s ❞❛ ✐♥❡q✉❛çã♦ 0 ≤ x2 − |3x2 + 8x| ≤ 2 é

❆ ✭ ✮ ✶✳ ❇ ✭ ✮ ✷✳ ❈ ✭ ✮ ✸✳ ❉ ✭ ✮ ✹✳ ❊ ✭ ✮ ✺✳

◗✉❡stã♦ ✽✳ ❙❡❥❛♠ A = {1, 2, 3, 4, 5} ❡ B = {−1,−2,−3,−4,−5}✳ ❙❡ C = {xy : x ∈ A ❡ y ∈ B}✱
❡♥tã♦ ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ C é

❆ ✭ ✮ ✶✵✳ ❇ ✭ ✮ ✶✶✳ ❈ ✭ ✮ ✶✷✳ ❉ ✭ ✮ ✶✸✳ ❊ ✭ ✮ ✶✹✳

◗✉❡stã♦ ✾✳ ❙❡❥❛♠ S1 = {(x, y) ∈ R
2 : y ≥ ||x| − 1|} ❡ S2 = {(x, y) ∈ R

2 : x2 + (y + 1)2 ≤ 25}✳ ❆
ár❡❛ ❞❛ r❡❣✐ã♦ S1 ∩ S2 é

❆ ✭ ✮
25

4
π − 2✳ ❇ ✭ ✮

25

4
π − 1✳ ❈ ✭ ✮

25

4
π✳ ❉ ✭ ✮

75

4
π − 1✳ ❊ ✭ ✮

75

4
π − 2✳

◗✉❡stã♦ ✶✵✳ ❙❡❥❛♠ a, b, c, d ♥ú♠❡r♦s r❡❛✐s ♣♦s✐t✐✈♦s ❡ ❞✐❢❡r❡♥t❡s ❞❡ 1✳ ❉❛s ❛✜r♠❛çõ❡s✿

■✳ a(logc b) = b(logc a)✳

■■✳
(a

b

)logd c
(

b

c

)logd a
( c

a

)logd b

= 1✳

■■■✳ log
ab
(bc) = log

a
c

é ✭sã♦✮ ✈❡r❞❛❞❡✐r❛✭s✮

❆ ✭ ✮ ❛♣❡♥❛s ■✳
❉ ✭ ✮ ❛♣❡♥❛s ■■ ❡ ■■■✳

❇ ✭ ✮ ❛♣❡♥❛s ■■✳
❊ ✭ ✮ t♦❞❛s✳

❈ ✭ ✮ ❛♣❡♥❛s ■ ❡ ■■✳

✷



◗✉❡stã♦ ✶✶✳ ❙❡❥❛♠ D =





1 0 0
0 2 0
0 0 3



 ❡ P =





7 0 2
0 1 0
2 0 5



✳

❈♦♥s✐❞❡r❡ A = P−1DP ✳ ❖ ✈❛❧♦r ❞❡ det(A2 + A) é

❆ ✭ ✮ 144✳ ❇ ✭ ✮ 180✳ ❈ ✭ ✮ 240✳ ❉ ✭ ✮ 324✳ ❊ ✭ ✮ 360✳

◗✉❡stã♦ ✶✷✳ ❈♦♥s✐❞❡r❡ ❞♦✐s ❝ír❝✉❧♦s ♥♦ ♣r✐♠❡✐r♦ q✉❛❞r❛♥t❡✿

• C1 ❝♦♠ ❝❡♥tr♦ (x1, y1)✱ r❛✐♦ r1 ❡ ár❡❛
π

16
✳

• C2 ❝♦♠ ❝❡♥tr♦ (x2, y2)✱ r❛✐♦ r2 ❡ ár❡❛ 144π✳

❙❛❜❡♥❞♦ q✉❡ (x1, y1, r1) ❡ (x2, y2, r2) sã♦ ❞✉❛s ♣r♦❣r❡ssõ❡s ❣❡♦♠étr✐❝❛s ❝♦♠ s♦♠❛s ❞♦s t❡r♠♦s ✐❣✉❛✐s

❛
7

4
❡ 21✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♥tã♦ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ❝❡♥tr♦s ❞❡ C1 ❡ C2 é ✐❣✉❛❧ ❛

❆ ✭ ✮

√
123

2
✳ ❇ ✭ ✮

√
129

2
✳ ❈ ✭ ✮

√
131

2
✳ ❉ ✭ ✮

√
135

2
✳ ❊ ✭ ✮

√
137

2
✳

◗✉❡stã♦ ✶✸✳ ❉❛s ❛✜r♠❛çõ❡s✿

■✳ ❚♦❞♦ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ♣♦❞❡ s❡r ❡s❝r✐t♦✱ ❞❡ ♠❛♥❡✐r❛ ú♥✐❝❛✱ ♥❛ ❢♦r♠❛ 2k−1(2m − 1)✱ ❡♠
q✉❡ k ❡ m sã♦ ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s✳

■■✳ ❊①✐st❡ ✉♠ ♥ú♠❡r♦ x ∈ [0, π/2] ❞❡ t❛❧ ♠♦❞♦ q✉❡ ♦s ♥ú♠❡r♦s a1 = s❡♥x✱ a2 = s❡♥ (x + π/4)✱
a3 = s❡♥ (x+ π/2) ❡ a4 = s❡♥ (x+ 3π/4) ❡st❡❥❛♠✱ ♥❡st❛ ♦r❞❡♠✱ ❡♠ ♣r♦❣r❡ssã♦ ❣❡♦♠étr✐❝❛✳

■■■✳ ❊①✐st❡ ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣r✐♠♦ p t❛❧ q✉❡
√
p é ✉♠ ♥ú♠❡r♦ r❛❝✐♦♥❛❧✳

é ✭sã♦✮ ✈❡r❞❛❞❡✐r❛✭s✮

❆ ✭ ✮ ❛♣❡♥❛s ■✳
❉ ✭ ✮ ❛♣❡♥❛s ■ ❡ ■■✳

❇ ✭ ✮ ❛♣❡♥❛s ■■✳
❊ ✭ ✮ t♦❞❛s✳

❈ ✭ ✮ ❛♣❡♥❛s ■■■✳

◗✉❡stã♦ ✶✹✳ ❈♦♠ ♦s ❡❧❡♠❡♥t♦s 1, 2, . . . , 10 sã♦ ❢♦r♠❛❞❛s t♦❞❛s ❛s s❡q✉ê♥❝✐❛s (a1, a2, . . . , a7)✳
❊s❝♦❧❤❡♥❞♦✲s❡ ❛❧❡❛t♦r✐❛♠❡♥t❡ ✉♠❛ ❞❡ss❛s s❡q✉ê♥❝✐❛s✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❛ s❡q✉ê♥❝✐❛ ❡s❝♦❧❤✐❞❛ ♥ã♦
❝♦♥t❡r ❡❧❡♠❡♥t♦s r❡♣❡t✐❞♦s é

❆ ✭ ✮
7!

107 · 3! ✳ ❇ ✭ ✮
10!

107 · 3! ✳ ❈ ✭ ✮
3!

107 · 7! ✳ ❉ ✭ ✮
10!

103 · 7! ✳ ❊ ✭ ✮
10!

107
✳

◗✉❡stã♦ ✶✺✳ ❈♦♥s✐❞❡r❡ ❛ ❡q✉❛çã♦ (a− bi)501 =
2(a+ bi)

(a2 + b2)250 + 1
.

❖ ♥ú♠❡r♦ ❞❡ ♣❛r❡s ♦r❞❡♥❛❞♦s (a, b) ∈ R
2 q✉❡ s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ é

❆ ✭ ✮ ✺✵✵✳ ❇ ✭ ✮ ✺✵✶✳ ❈ ✭ ✮ ✺✵✷✳ ❉ ✭ ✮ ✺✵✸✳ ❊ ✭ ✮ ✺✵✹✳

✸



◗✉❡stã♦ ✶✻✳ ❙❡❥❛ ABC ✉♠ tr✐â♥❣✉❧♦ ❝✉❥♦s ❧❛❞♦s AB✱ AC ❡ BC ♠❡❞❡♠ ✻ ❝♠✱ ✽ ❝♠ ❡ ✶✵ ❝♠✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♥s✐❞❡r❡ ♦s ♣♦♥t♦s M ❡ N s♦❜r❡ ♦ ❧❛❞♦ BC t❛✐s q✉❡ AM é ❛ ❛❧t✉r❛ r❡❧❛t✐✈❛ ❛ BC
❡ N é ♦ ♣♦♥t♦ ♠é❞✐♦ ❞❡ BC✳ ❆ ár❡❛ ❞♦ tr✐â♥❣✉❧♦ AMN ✱ ❡♠ ❝♠2✱ é

❆ ✭ ✮ 3, 36✳ ❇ ✭ ✮ 3, 60✳ ❈ ✭ ✮ 4, 20✳ ❉ ✭ ✮ 4, 48✳ ❊ ✭ ✮ 6, 72✳

◗✉❡stã♦ ✶✼✳ ❙❡✐s ❝✐r❝✉♥❢❡rê♥❝✐❛s ❞❡ r❛✐♦ 5 ❝♠ sã♦ t❛♥❣❡♥t❡s ❡♥tr❡ s✐ ❞✉❛s ❛ ❞✉❛s ❡ s❡✉s ❝❡♥tr♦s
sã♦ ✈ért✐❝❡s ❞❡ ✉♠ ❤❡①á❣♦♥♦ r❡❣✉❧❛r✱ ❝♦♥❢♦r♠❡ ❛ ✜❣✉r❛ ❛❜❛✐①♦✳ ❖ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ✉♠❛ ❝♦rr❡✐❛
t❡♥s✐♦♥❛❞❛ q✉❡ ❡♥✈♦❧✈❡ ❡①t❡r♥❛♠❡♥t❡ ❛s s❡✐s ❝✐r❝✉♥❢❡rê♥❝✐❛s ♠❡❞❡✱ ❡♠ ❝♠✱

❆ ✭ ✮ 18 + 3π✳

❇ ✭ ✮ 30 + 10π✳

❈ ✭ ✮ 18 + 6π✳

❉ ✭ ✮ 60 + 10π✳

❊ ✭ ✮ 36 + 6π✳

◗✉❡stã♦ ✶✽✳ ❖ ❧✉❣❛r ❣❡♦♠étr✐❝♦ ❞♦s ♣♦♥t♦s (a, b) ∈ R
2 t❛✐s q✉❡ ❛ ❡q✉❛çã♦✱ ❡♠ z ∈ C,

z2 + z + 2− (a+ ib) = 0

♣♦ss✉❛ ✉♠❛ r❛✐③ ♣✉r❛♠❡♥t❡ ✐♠❛❣✐♥ár✐❛ é

❆ ✭ ✮ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛✳
❇ ✭ ✮ ✉♠❛ ♣❛rá❜♦❧❛✳
❈ ✭ ✮ ✉♠❛ ❤✐♣ér❜♦❧❡✳
❉ ✭ ✮ ✉♠❛ r❡t❛✳
❊ ✭ ✮ ❞✉❛s r❡t❛s ♣❛r❛❧❡❧❛s✳

◗✉❡stã♦ ✶✾✳ ❯♠ ❛t✐r❛❞♦r ❞✐s♣õ❡ ❞❡ três ❛❧✈♦s ♣❛r❛ ❛❝❡rt❛r✳ ❖ ♣r✐♠❡✐r♦ ❞❡st❡ ❡♥❝♦♥tr❛✲s❡ ❛ ✸✵♠
❞❡ ❞✐stâ♥❝✐❛❀ ♦ s❡❣✉♥❞♦✱ ❛ ✹✵♠❀ ♦ t❡r❝❡✐r♦ ❛❧✈♦✱ ❛ ✻✵♠✳ ❙❛❜❡♥❞♦ q✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦ ❛t✐r❛❞♦r
❛❝❡rt❛r ♦ ❛❧✈♦ é ✐♥✈❡rs❛♠❡♥t❡ ♣r♦♣♦r❝✐♦♥❛❧ ❛♦ q✉❛❞r❛❞♦ ❞❛ ❞✐stâ♥❝✐❛ ❡ q✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡❧❡
❛❝❡rt❛r ♦ ♣r✐♠❡✐r♦ ❛❧✈♦ é ❞❡ 2/3✱ ❡♥tã♦ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❛❝❡rt❛r ❛♦ ♠❡♥♦s ✉♠ ❞♦s ❛❧✈♦s é

❆ ✭ ✮
120

160
✳ ❇ ✭ ✮

119

154
✳ ❈ ✭ ✮

110

144
✳ ❉ ✭ ✮

105

135
✳ ❊ ✭ ✮

119

144
✳

◗✉❡stã♦ ✷✵✳ ❈♦♥s✐❞❡r❡ ♦ tr✐â♥❣✉❧♦ ABC✱ ❡♠ q✉❡ ♦s s❡❣♠❡♥t♦s AC✱ CB ❡ AB ♠❡❞❡♠✱ r❡s♣❡❝t✐✈❛✲
♠❡♥t❡✱ 10 ❝♠✱ 15 ❝♠ ❡ 20 ❝♠✳ ❙❡❥❛ D ✉♠ ♣♦♥t♦ ❞♦ s❡❣♠❡♥t♦ AB ❞❡ t❛❧ ♠♦❞♦ q✉❡ CD é ❜✐ss❡tr✐③ ❞♦
â♥❣✉❧♦ AĈB ❡ s❡❥❛ E ✉♠ ♣♦♥t♦ ❞♦ ♣r♦❧♦♥❣❛♠❡♥t♦ ❞❡ CD✱ ♥❛ ❞✐r❡çã♦ ❞❡ D✱ t❛❧ q✉❡ DB̂E = DĈB✳
❆ ♠❡❞✐❞❛✱ ❡♠ ❝♠✱ ❞❡ CE é

❆ ✭ ✮
11
√
6

3
. ❇ ✭ ✮

13
√
6

3
. ❈ ✭ ✮

17
√
6

3
. ❉ ✭ ✮

20
√
6

3
. ❊ ✭ ✮

25
√
6

3
.

✹



❆❙ ◗❯❊❙❚Õ❊❙ ❉■❙❙❊❘❚❆❚■❱❆❙✱ ◆❯▼❊❘❆❉❆❙ ❉❊ ✷✶ ❆ ✸✵✱ ❉❊❱❊▼ ❙❊❘
❘❊❙❖▲❱■❉❆❙ ❊ ❘❊❙P❖◆❉■❉❆❙ ◆❖ ❈❆❉❊❘◆❖ ❉❊ ❙❖▲❯➬Õ❊❙✳

◗✉❡stã♦ ✷✶✳ ❈♦♥s✐❞❡r❡ ❛s r❡t❛s ❞❡ ❡q✉❛çõ❡s

r : y =
√
2x+ a ❡ s : y = bx+ c,

❡♠ q✉❡ a, b, c sã♦ r❡❛✐s✳ ❙❛❜❡♥❞♦ q✉❡ r ❡ s sã♦ ♣❡r♣❡♥❞✐❝✉❧❛r❡s ❡♥tr❡ s✐✱ ❝♦♠ r ♣❛ss❛♥❞♦ ♣♦r (0, 1) ❡
s✱ ♣♦r (

√
2, 4)✱ ❞❡t❡r♠✐♥❡ ❛ ár❡❛ ❞♦ tr✐â♥❣✉❧♦ ❢♦r♠❛❞♦ ♣❡❧❛s r❡t❛s r✱ s ❡ ♦ ❡✐①♦ x✳

◗✉❡stã♦ ✷✷✳ ❉❡t❡r♠✐♥❡ t♦❞♦s ♦s ✈❛❧♦r❡s r❡❛✐s ❞❡ x q✉❡ s❛t✐s❢❛③❡♠ ❛ ✐♥❡q✉❛çã♦ 43x−1 > 34x.

◗✉❡stã♦ ✷✸✳ ❈♦♥s✐❞❡r❡ ♦ ♣♦❧✐♥ô♠✐♦

p(x) = x4 − (1 + 2
√
3)x3 + (3 + 2

√
3)x2 − (1 + 4

√
3)x+ 2.

❛✮ ❉❡t❡r♠✐♥❡ ♦s ♥ú♠❡r♦s r❡❛✐s a ❡ b t❛✐s q✉❡ p(x) = (x2 + ax+ 1)(x2 + bx+ 2)✳

❜✮ ❉❡t❡r♠✐♥❡ ❛s r❛í③❡s ❞❡ p(x)✳

◗✉❡stã♦ ✷✹✳ ❙❡❥❛♠ A ❡ B ❞♦✐s ❝♦♥❥✉♥t♦s ❝♦♠ 3 ❡ 5 ❡❧❡♠❡♥t♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ◗✉❛♥t❛s ❢✉♥çõ❡s
s♦❜r❡❥❡t✐✈❛s f : B → A ❡①✐st❡♠❄

◗✉❡stã♦ ✷✺✳ ❙❡❥❛♠ A = {1, 2, . . . , 29, 30} ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s ❞❡ 1 ❛ 30 ❡ (a1✱ a2✱ a3)
✉♠❛ ♣r♦❣r❡ssã♦ ❣❡♦♠étr✐❝❛ ❝r❡s❝❡♥t❡ ❝♦♠ ❡❧❡♠❡♥t♦s ❞❡ A ❡ r❛③ã♦ q > 1✳

❛✮ ❉❡t❡r♠✐♥❡ t♦❞❛s ❛s ♣r♦❣r❡ssõ❡s ❣❡♦♠étr✐❝❛s (a1, a2✱ a3) ❞❡ r❛③ã♦ q = 3
2
✳

❜✮ ❊s❝r❡✈❛ q =
m

n
✱ ❝♦♠ m,n ∈ Z ❡ ♠❞❝(m,n) = 1✳ ❉❡t❡r♠✐♥❡ ♦ ♠❛✐♦r ✈❛❧♦r ♣♦ssí✈❡❧ ♣❛r❛ n✳

◗✉❡stã♦ ✷✻✳ ❊s❜♦❝❡ ♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ f : R → R ❞❛❞❛ ♣♦r

f(x) =

∣

∣

∣

∣

2−|x| − 1

2

∣

∣

∣

∣

.

◗✉❡stã♦ ✷✼✳ ❉❡t❡r♠✐♥❡ t♦❞♦s ♦s ✈❛❧♦r❡s r❡❛✐s ❞❡ a ♣❛r❛ ♦s q✉❛✐s ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❧✐♥❡❛r é ✐♠♣♦s✲
sí✈❡❧✿







x+ ay + z = 2
−x− 2y + 3z = −1

3x+ az = 5
.

◗✉❡stã♦ ✷✽✳ ❯♠ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦ ❝♦♠ ❤✐♣♦t❡♥✉s❛ c = 2(1 +
√
6) ❡stá ❝✐r❝✉♥s❝r✐t♦ ❛ ✉♠ ❝ír❝✉❧♦

❞❡ r❛✐♦ ✉♥✐tár✐♦✳ ❉❡t❡r♠✐♥❡ ❛ ár❡❛ t♦t❛❧ ❞❛ s✉♣❡r❢í❝✐❡ ❞♦ ❝♦♥❡ ♦❜t✐❞♦ ❛♦ ❣✐r❛r ♦ tr✐â♥❣✉❧♦ ❡♠ t♦r♥♦
❞♦ s❡✉ ♠❛✐♦r ❝❛t❡t♦✳

◗✉❡stã♦ ✷✾✳ ❉❡t❡r♠✐♥❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s s♦❧✉çõ❡s r❡❛✐s ❞❛ ❡q✉❛çã♦ 3❝♦ss❡❝2
(x

2

)

− t❣2x = 1.

◗✉❡stã♦ ✸✵✳ ❈♦♥s✐❞❡r❡ ♦ ❝✉❜♦ ABCDEFGH ❞❡ ❛r❡st❛ 2 t❛❧ q✉❡✿ ABCD é ♦ q✉❛❞r❛❞♦ ❞❛ ❜❛s❡
✐♥❢❡r✐♦r❀ EFGH✱ ♦ q✉❛❞r❛❞♦ ❞❛ ❜❛s❡ s✉♣❡r✐♦r ❡ AE✱ BF ✱ CG ❡ DH sã♦ ❛s ❛r❡st❛s ✈❡rt✐❝❛✐s✳ ❙❡❥❛♠
L✱ M ❡ N ♦s ♣♦♥t♦s ♠é❞✐♦s ❞❛s ❛r❡st❛s AB✱ CG ❡ GH✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡t❡r♠✐♥❡ ❛ ár❡❛ ❞♦
tr✐â♥❣✉❧♦ LMN.

✺


