
◆❖❚❆➬Õ❊❙

R ✿ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s

C ✿ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s

i ✿ ✉♥✐❞❛❞❡ ✐♠❛❣✐♥ár✐❛✿ i2 = −1

|z| ✿ ♠ó❞✉❧♦ ❞♦ ♥ú♠❡r♦ z ∈ C

❘❡(z) ✿ ♣❛rt❡ r❡❛❧ ❞♦ ♥ú♠❡r♦ z ∈ C

■♠(z) ✿ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞♦ ♥ú♠❡r♦ z ∈ C

detA ✿ ❞❡t❡r♠✐♥❛♥t❡ ❞❛ ♠❛tr✐③ A

tr A ✿ tr❛ç♦ ❞❛ ♠❛tr✐③ q✉❛❞r❛❞❛ A, q✉❡ é ❞❡✜♥✐❞♦ ❝♦♠♦ ❛ s♦♠❛ ❞♦s ❡❧❡♠❡♥t♦s ❞❛ ❞✐❛❣♦♥❛❧
♣r✐♥❝✐♣❛❧ ❞❡ A.

P♦tê♥❝✐❛ ❞❡ ♠❛tr✐③ : A1 = A,A2 = A · A, . . . , Ak = Ak−1 · A, s❡♥❞♦ A ♠❛tr✐③ q✉❛❞r❛❞❛ ❡ k
✐♥t❡✐r♦ ♣♦s✐t✐✈♦.

❞(P, r) ✿ ❞✐stâ♥❝✐❛ ❞♦ ♣♦♥t♦ P à r❡t❛ r

AB ✿ s❡❣♠❡♥t♦ ❞❡ ❡①tr❡♠✐❞❛❞❡s ♥♦s ♣♦♥t♦s A ❡ B

[a, b] = {x ∈ R : a ≤ x ≤ b}
[a, b[ = {x ∈ R : a ≤ x < b}
]a, b] = {x ∈ R : a < x ≤ b}
]a, b[ = {x ∈ R : a < x < b}
X \ Y = {x ∈ X ❡ x 6∈ Y }
n
∑

k=0

ak = a0 + a1 + a2 + · · ·+ an, s❡♥❞♦ n ✐♥t❡✐r♦ ♥ã♦ ♥❡❣❛t✐✈♦

❖❜s❡r✈❛çã♦✿ ❖s s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❝♦♥s✐❞❡r❛❞♦s sã♦ ♦s ❝❛rt❡s✐❛♥♦s r❡t❛♥❣✉❧❛r❡s✳

◗✉❡stã♦ ✶✳ ❈♦♥s✐❞❡r❡ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s s♦❜r❡ ♥ú♠❡r♦s r❡❛✐s✿

■✳ ❙❡ ❛ ❡①♣❛♥sã♦ ❞❡❝✐♠❛❧ ❞❡ x é ✐♥✜♥✐t❛ ❡ ♣❡r✐ó❞✐❝❛✱ ❡♥tã♦ x é ✉♠ ♥ú♠❡r♦ r❛❝✐♦♥❛❧✳

■■✳
∞
∑

n=0

1

(
√
2− 1)

√
2n

=

√
2

1− 2
√
2
.

■■■✳ ln
3
√
e2 + (log3 2)(log4 9) é ✉♠ ♥ú♠❡r♦ r❛❝✐♦♥❛❧✳

➱ ✭sã♦✮ ✈❡r❞❛❞❡✐r❛✭s✮✿

❆ ✭ ✮ ♥❡♥❤✉♠❛✳
❉ ✭ ✮ ❛♣❡♥❛s ■ ❡ ■■■✳

❇ ✭ ✮ ❛♣❡♥❛s ■■✳
❊ ✭ ✮ ■✱ ■■ ❡ ■■■✳

❈ ✭ ✮ ❛♣❡♥❛s ■ ❡ ■■✳



◗✉❡stã♦ ✷✳ ❙❡❥❛♠ A✱ B ❡ C ♦s s✉❜❝♦♥❥✉♥t♦s ❞❡ C ❞❡✜♥✐❞♦s ♣♦r A = {z ∈ C : |z + 2− 3i| <
√
19}✱

B = {z ∈ C : |z + i| < 7/2} ❡ C = {z ∈ C : z2 + 6z + 10 = 0}✳ ❊♥tã♦✱ (A \B) ∩ C é ♦ ❝♦♥❥✉♥t♦

❆ ✭ ✮ {−1− 3i,−1 + 3i}✳
❉ ✭ ✮ {−3− i}✳

❇ ✭ ✮ {−3− i,−3 + i}✳
❊ ✭ ✮ {−1 + 3i}✳

❈ ✭ ✮ {−3 + i}✳

◗✉❡stã♦ ✸✳ ❙❡ z =

(

1 +
√
3i

1−
√
3i

)10

✱ ❡♥tã♦ ♦ ✈❛❧♦r ❞❡ 2 ❛r❝s❡♥(❘❡(z)) + 5 ❛r❝t❣(2 ■♠(z)) é ✐❣✉❛❧ ❛

❆ ✭ ✮ −2π

3
✳ ❇ ✭ ✮ −π

3
✳ ❈ ✭ ✮

2π

3
✳ ❉ ✭ ✮

4π

3
✳ ❊ ✭ ✮

5π

3
✳

◗✉❡stã♦ ✹✳ ❙❡❥❛ C ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ t❛♥❣❡♥t❡ s✐♠✉❧t❛♥❡❛♠❡♥t❡ às r❡t❛s r : 3x + 4y − 4 = 0 ❡
s : 3x+ 4y − 19 = 0✳ ❆ ár❡❛ ❞♦ ❝ír❝✉❧♦ ❞❡t❡r♠✐♥❛❞♦ ♣♦r C é ✐❣✉❛❧ ❛

❆ ✭ ✮
5π

7
✳ ❇ ✭ ✮

4π

5
✳ ❈ ✭ ✮

3π

2
✳ ❉ ✭ ✮

8π

3
✳ ❊ ✭ ✮

9π

4
✳

◗✉❡stã♦ ✺✳ ❙❡❥❛ (a1, a2, a3, . . .) ❛ s❡q✉ê♥❝✐❛ ❞❡✜♥✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ a1 = 1✱ a2 = 1 ❡
an = an−1 + an−2 ♣❛r❛ n ≥ 3✳ ❈♦♥s✐❞❡r❡ ❛s ❛✜r♠❛çõ❡s ❛ s❡❣✉✐r✿

■✳ ❊①✐st❡♠ três t❡r♠♦s ❝♦♥s❡❝✉t✐✈♦s✱ ap, ap+1, ap+2✱ q✉❡✱ ♥❡st❛ ♦r❞❡♠✱ ❢♦r♠❛♠ ✉♠❛ ♣r♦❣r❡ssã♦
❣❡♦♠étr✐❝❛✳

■■✳ a7 é ✉♠ ♥ú♠❡r♦ ♣r✐♠♦✳

■■■✳ ❙❡ n é ♠ú❧t✐♣❧♦ ❞❡ ✸✱ ❡♥tã♦ an é ♣❛r✳

➱ ✭sã♦✮ ✈❡r❞❛❞❡✐r❛✭s✮

❆ ✭ ✮ ❛♣❡♥❛s ■■✳
❉ ✭ ✮ ❛♣❡♥❛s ■■ ❡ ■■■✳

❇ ✭ ✮ ❛♣❡♥❛s ■ ❡ ■■✳
❊ ✭ ✮ ■✱ ■■ ❡ ■■■✳

❈ ✭ ✮ ❛♣❡♥❛s ■ ❡ ■■■✳

◗✉❡stã♦ ✻✳ ❈♦♥s✐❞❡r❡ ❛ ❡q✉❛çã♦
a

1− x2
− b

x− 1/2
= 5✱ ❝♦♠ a ❡ b ♥ú♠❡r♦s ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s✳ ❉❛s

❛✜r♠❛çõ❡s✿

■✳ ❙❡ a = 1 ❡ b = 2✱ ❡♥tã♦ x = 0 é ✉♠❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦✳

■■✳ ❙❡ x é s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦✱ ❡♥tã♦ x 6= 1

2
, x 6= −1 ❡ x 6= 1✳

■■■✳ x =
2

3
♥ã♦ ♣♦❞❡ s❡r s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦✳

➱ ✭sã♦✮ ✈❡r❞❛❞❡✐r❛✭s✮

❆ ✭ ✮ ❛♣❡♥❛s ■■✳
❉ ✭ ✮ ❛♣❡♥❛s ■■ ❡ ■■■✳

❇ ✭ ✮ ❛♣❡♥❛s ■ ❡ ■■✳
❊ ✭ ✮ ■✱ ■■ ❡ ■■■✳

❈ ✭ ✮ ❛♣❡♥❛s ■ ❡ ■■■✳

◗✉❡stã♦ ✼✳ ❈♦♥s✐❞❡r❡ ♦ ♣♦❧✐♥ô♠✐♦ p ❞❛❞♦ ♣♦r p(x) = 2x3+ax2+ bx−16✱ ❝♦♠ a, b ∈ R✳ ❙❛❜❡♥❞♦✲s❡
q✉❡ p ❛❞♠✐t❡ r❛✐③ ❞✉♣❧❛ ❡ q✉❡ ✷ é ✉♠❛ r❛✐③ ❞❡ p✱ ❡♥tã♦ ♦ ✈❛❧♦r ❞❡ b− a é ✐❣✉❛❧ ❛

❆ ✭ ✮ −36✳ ❇ ✭ ✮ −12✳ ❈ ✭ ✮ 6✳ ❉ ✭ ✮ 12✳ ❊ ✭ ✮ 24✳



◗✉❡stã♦ ✽✳ ❙❡❥❛ p ♦ ♣♦❧✐♥ô♠✐♦ ❞❛❞♦ ♣♦r p(x) =
15
∑

j=0

ajx
j✱ ❝♦♠ aj ∈ R✱ j = 0, 1, . . . , 15✱ ❡ a15 6= 0✳

❙❛❜❡♥❞♦✲s❡ q✉❡ i é ✉♠❛ r❛✐③ ❞❡ p ❡ q✉❡ p(2) = 1✱ ❡♥tã♦ ♦ r❡st♦ ❞❛ ❞✐✈✐sã♦ ❞❡ p ♣❡❧♦ ♣♦❧✐♥ô♠✐♦ q✱
❞❛❞♦ ♣♦r q(x) = x3 − 2x2 + x− 2✱ é ✐❣✉❛❧ ❛

❆ ✭ ✮
1

5
x2 − 1

5
✳

❉ ✭ ✮
3

5
x2 − 3

5
✳

❇ ✭ ✮
1

5
x2 +

1

5
✳

❊ ✭ ✮
3

5
x2 +

1

5
✳

❈ ✭ ✮
2

5
x2 +

2

5
✳

◗✉❡stã♦ ✾✳ ❈♦♥s✐❞❡r❡ t♦❞♦s ♦s tr✐â♥❣✉❧♦s r❡tâ♥❣✉❧♦s ❝♦♠ ♦s ❧❛❞♦s ♠❡❞✐♥❞♦
√
a✱ 2

√
a ❡ a✳ ❉❡♥tr❡

❡ss❡s tr✐â♥❣✉❧♦s✱ ♦ ❞❡ ♠❛✐♦r ❤✐♣♦t❡♥✉s❛ t❡♠ s❡✉ ♠❡♥♦r â♥❣✉❧♦✱ ❡♠ r❛❞✐❛♥♦s✱ ✐❣✉❛❧ ❛

❆ ✭ ✮ ❛r❝t❣

√
3

4
✳ ❇ ✭ ✮ ❛r❝t❣

√
3

3
✳ ❈ ✭ ✮ ❛r❝t❣

1

2
✳ ❉ ✭ ✮ ❛r❝t❣

3

5
✳ ❊ ✭ ✮ ❛r❝t❣

4

5
✳

◗✉❡stã♦ ✶✵✳ ❖s ✈❛❧♦r❡s ❞❡ x ∈ [0, 2π] q✉❡ s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ 2 s❡♥ x− cos x = 1 sã♦

❆ ✭ ✮ ❛r❝❝♦s

(

3

5

)

❡ π✳

❉ ✭ ✮ ❛r❝❝♦s

(

−4

5

)

❡ π✳

❇ ✭ ✮ ❛r❝s❡♥

(

3

5

)

❡ π✳

❊ ✭ ✮ ❛r❝❝♦s

(

4

5

)

❡ π✳

❈ ✭ ✮ ❛r❝s❡♥

(

−4

5

)

❡ π✳

◗✉❡stã♦ ✶✶✳ ❙❡❥❛♠ α ❡ β ♥ú♠❡r♦s r❡❛✐s t❛✐s q✉❡ α, β, α + β ∈ ]0, 2π[ ❡ s❛t✐s❢❛③❡♠ ❛s ❡q✉❛çõ❡s

cos2
α

2
=

4

5
cos4

α

2
+

1

5
❡ cos2

β

3
=

4

7
cos4

β

3
+

3

7
.

❊♥tã♦✱ ♦ ♠❡♥♦r ✈❛❧♦r ❞❡ cos(α + β) é ✐❣✉❛❧ ❛

❆ ✭ ✮ −1✳ ❇ ✭ ✮ −
√
3

2
✳ ❈ ✭ ✮ −

√
2

2
✳ ❉ ✭ ✮ −1

2
✳ ❊ ✭ ✮ 0✳

◗✉❡stã♦ ✶✷✳ ❙❡❥❛ A = (aij)5×5 ❛ ♠❛tr✐③ t❛❧ q✉❡ aij = 2i−1(2j − 1)✱ 1 ≤ i, j ≤ 5✳ ❈♦♥s✐❞❡r❡ ❛s
❛✜r♠❛çõ❡s ❛ s❡❣✉✐r✿

■✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ ❝❛❞❛ ❧✐♥❤❛ i ❢♦r♠❛♠ ✉♠❛ ♣r♦❣r❡ssã♦ ❛r✐t♠ét✐❝❛ ❞❡ r❛③ã♦ 2i✳

■■✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ ❝❛❞❛ ❝♦❧✉♥❛ j ❢♦r♠❛♠ ✉♠❛ ♣r♦❣r❡ssã♦ ❣❡♦♠étr✐❝❛ ❞❡ r❛③ã♦ ✷✳

■■■✳ tr A é ✉♠ ♥ú♠❡r♦ ♣r✐♠♦✳

➱ ✭sã♦✮ ✈❡r❞❛❞❡✐r❛✭s✮

❆ ✭ ✮ ❛♣❡♥❛s ■✳
❉ ✭ ✮ ❛♣❡♥❛s ■ ❡ ■■■✳

❇ ✭ ✮ ❛♣❡♥❛s ■ ❡ ■■✳
❊ ✭ ✮ ■✱ ■■ ❡ ■■■✳

❈ ✭ ✮ ❛♣❡♥❛s ■■ ❡ ■■■✳



◗✉❡stã♦ ✶✸✳ ❈♦♥s✐❞❡r❡ ❛ ♠❛tr✐③ M = (mij)2×2 t❛❧ q✉❡ mij = j − i+ 1✱ i, j = 1, 2✳ ❙❛❜❡♥❞♦✲s❡ q✉❡

det

(

n
∑

k=1

Mk − n

[

1 0
1 1

]

)

= 252,

❡♥tã♦ ♦ ✈❛❧♦r ❞❡ n é ✐❣✉❛❧ ❛

❆ ✭ ✮ 4✳ ❇ ✭ ✮ 5✳ ❈ ✭ ✮ 6✳ ❉ ✭ ✮ 7✳ ❊ ✭ ✮ 8✳

◗✉❡stã♦ ✶✹✳ ❈♦♥s✐❞❡r❡ ♦s ♣♦♥t♦s A = (0,−1)✱ B = (0, 5) ❡ ❛ r❡t❛ r : 2x − 3y + 6 = 0✳ ❉❛s
❛✜r♠❛çõ❡s ❛ s❡❣✉✐r✿

■✳ ❞(A, r) = ❞(B, r)✳

■■✳ B é s✐♠étr✐❝♦ ❞❡ A ❡♠ r❡❧❛çã♦ à r❡t❛ r✳

■■■✳ AB é ❜❛s❡ ❞❡ ✉♠ tr✐â♥❣✉❧♦ ❡q✉✐❧át❡r♦ ABC✱ ❞❡ ✈ért✐❝❡ C = (−3
√
3, 2) ♦✉ C = (3

√
3, 2)✳

➱ ✭sã♦✮ ✈❡r❞❛❞❡✐r❛✭s✮ ❛♣❡♥❛s

❆ ✭ ✮ ■✳ ❇ ✭ ✮ ■■✳ ❈ ✭ ✮ ■ ❡ ■■✳ ❉ ✭ ✮ ■ ❡ ■■■✳ ❊ ✭ ✮ ■■ ❡ ■■■✳

◗✉❡stã♦ ✶✺✳ ❉❛❞♦s ♦ ♣♦♥t♦ A =

(

4,
25

6

)

❡ ❛ r❡t❛ r : 3x + 4y − 12 = 0✱ ❝♦♥s✐❞❡r❡ ♦ tr✐â♥❣✉❧♦ ❞❡

✈ért✐❝❡s ABC✱ ❝✉❥❛ ❜❛s❡ BC ❡stá ❝♦♥t✐❞❛ ❡♠ r ❡ ❛ ♠❡❞✐❞❛ ❞♦s ❧❛❞♦s AB ❡ AC é ✐❣✉❛❧ ❛
25

6
✳ ❊♥tã♦✱

❛ ár❡❛ ❡ ♦ ♣❡rí♠❡tr♦ ❞❡ss❡ tr✐â♥❣✉❧♦ sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✐❣✉❛✐s ❛

❆ ✭ ✮
22

3
❡
40

3
✳ ❇ ✭ ✮

23

3
❡
40

3
✳ ❈ ✭ ✮

25

3
❡
31

3
✳ ❉ ✭ ✮

25

3
❡
35

3
✳ ❊ ✭ ✮

25

3
❡
40

3
✳

◗✉❡stã♦ ✶✻✳ ❈♦♥s✐❞❡r❡ ❛s ❛✜r♠❛çõ❡s ❛ s❡❣✉✐r✿

■✳ ❖ ❧✉❣❛r ❣❡♦♠étr✐❝♦ ❞♦ ♣♦♥t♦ ♠é❞✐♦ ❞❡ ✉♠ s❡❣♠❡♥t♦ AB✱ ❝♦♠ ❝♦♠♣r✐♠❡♥t♦ l ✜①❛❞♦✱ ❝✉❥♦s
❡①tr❡♠♦s s❡ ❞❡s❧♦❝❛♠ ❧✐✈r❡♠❡♥t❡ s♦❜r❡ ♦s ❡✐①♦s ❝♦♦r❞❡♥❛❞♦s é ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛✳

■■✳ ❖ ❧✉❣❛r ❣❡♦♠étr✐❝♦ ❞♦s ♣♦♥t♦s (x, y) t❛✐s q✉❡ 6x3 + x2y − xy2 − 4x2 − 2xy = 0 é ✉♠ ❝♦♥❥✉♥t♦
✜♥✐t♦ ♥♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦ R

2✳

■■■✳ ❖s ♣♦♥t♦s (2, 3)✱ (4,−1) ❡ (3, 1) ♣❡rt❡♥❝❡♠ ❛ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛✳

❉❡st❛s✱ é ✭sã♦✮ ✈❡r❞❛❞❡✐r❛✭s✮

❆ ✭ ✮ ❛♣❡♥❛s ■✳
❉ ✭ ✮ ■ ❡ ■■✳

❇ ✭ ✮ ❛♣❡♥❛s ■■✳
❊ ✭ ✮ ■ ❡ ■■■✳

❈ ✭ ✮ ❛♣❡♥❛s ■■■✳

◗✉❡stã♦ ✶✼✳ ❙❡❥❛ ABCD ✉♠ tr❛♣é③✐♦ ✐sós❝❡❧❡s ❝♦♠ ❜❛s❡ ♠❛✐♦r AB ♠❡❞✐♥❞♦ ✶✺✱ ♦ ❧❛❞♦ AD ♠❡❞✐♥❞♦
✾ ❡ ♦ â♥❣✉❧♦ AD̂B r❡t♦✳ ❆ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦ ❧❛❞♦ AB ❡ ♦ ♣♦♥t♦ E ❡♠ q✉❡ ❛s ❞✐❛❣♦♥❛✐s s❡ ❝♦rt❛♠ é

❆ ✭ ✮
21

8
✳ ❇ ✭ ✮

27

8
✳ ❈ ✭ ✮

35

8
✳ ❉ ✭ ✮

37

8
✳ ❊ ✭ ✮

45

8
✳



◗✉❡stã♦ ✶✽✳ ◆✉♠ tr✐â♥❣✉❧♦ PQR✱ ❝♦♥s✐❞❡r❡ ♦s ♣♦♥t♦s M ❡ N ♣❡rt❡♥❝❡♥t❡s ❛♦s ❧❛❞♦s PQ ❡ PR✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❛✐s q✉❡ ♦ s❡❣♠❡♥t♦ MN s❡❥❛ t❛♥❣❡♥t❡ à ❝✐r❝✉♥❢❡rê♥❝✐❛ ✐♥s❝r✐t❛ ❛♦ tr✐â♥❣✉❧♦ PQR✳
❙❛❜❡♥❞♦✲s❡ q✉❡ ♦ ♣❡rí♠❡tr♦ ❞♦ tr✐â♥❣✉❧♦ PQR é 25 ❡ q✉❡ ❛ ♠❡❞✐❞❛ ❞❡ QR é ✶✵✱ ❡♥tã♦ ♦ ♣❡rí♠❡tr♦
❞♦ tr✐â♥❣✉❧♦ PMN é ✐❣✉❛❧ ❛

❆ ✭ ✮ 5. ❇ ✭ ✮ 6. ❈ ✭ ✮ 8. ❉ ✭ ✮ 10. ❊ ✭ ✮ 15.

◗✉❡stã♦ ✶✾✳ ❈♦♥s✐❞❡r❡ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ C✱ ♥♦ ♣r✐♠❡✐r♦ q✉❛❞r❛♥t❡✱ t❛♥❣❡♥t❡ ❛♦ ❡✐①♦ Ox ❡ à r❡t❛
r : x− y = 0✳ ❙❛❜❡♥❞♦✲s❡ q✉❡ ❛ ♣♦tê♥❝✐❛ ❞♦ ♣♦♥t♦ O = (0, 0) ❡♠ r❡❧❛çã♦ ❛ ❡ss❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ é ✐❣✉❛❧
❛ 4✱ ❡♥tã♦ ♦ ❝❡♥tr♦ ❡ ♦ r❛✐♦ ❞❡ C sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✐❣✉❛✐s ❛

❆ ✭ ✮ (2, 2
√
2− 2) ❡ 2

√
2− 2✳

❈ ✭ ✮ (2,
√
2− 1) ❡

√
2− 1✳

❊ ✭ ✮ (2, 4
√
2− 4) ❡ 4

√
2− 4✳

❇ ✭ ✮

(

2,

√
2

2
− 1

2

)

❡

√
2

2
− 1

2
✳

❉ ✭ ✮ (2, 2−
√
2) ❡ 2−

√
2✳

◗✉❡stã♦ ✷✵✳ ❯♠❛ t❛ç❛ ❡♠ ❢♦r♠❛ ❞❡ ❝♦♥❡ ❝✐r❝✉❧❛r r❡t♦ ❝♦♥té♠ ✉♠ ❝❡rt♦ ✈♦❧✉♠❡ ❞❡ ✉♠ ❧íq✉✐❞♦
❝✉❥❛ s✉♣❡r❢í❝✐❡ ❞✐st❛ h ❞♦ ✈ért✐❝❡ ❞♦ ❝♦♥❡✳ ❆❞✐❝✐♦♥❛♥❞♦✲s❡ ✉♠ ✈♦❧✉♠❡ ✐❞ê♥t✐❝♦ ❞❡ ❧íq✉✐❞♦ ♥❛ t❛ç❛✱ ❛
s✉♣❡r❢í❝✐❡ ❞♦ ❧íq✉✐❞♦✱ ❡♠ r❡❧❛çã♦ à ♦r✐❣✐♥❛❧✱ s✉❜✐rá ❞❡

❆ ✭ ✮ 3
√
2−h✳ ❇ ✭ ✮ 3

√
2−1✳ ❈ ✭ ✮ (

3
√
2 − 1)h✳ ❉ ✭ ✮ h✳ ❊ ✭ ✮

h

2
✳

❆❙ ◗❯❊❙❚Õ❊❙ ❉■❙❙❊❘❚❆❚■❱❆❙✱ ◆❯▼❊❘❆❉❆❙ ❉❊ ✷✶ ❆ ✸✵✱ ❉❊❱❊▼ ❙❊❘
❘❊❙❖▲❱■❉❆❙ ❊ ❘❊❙P❖◆❉■❉❆❙ ◆❖ ❈❆❉❊❘◆❖ ❉❊ ❙❖▲❯➬Õ❊❙✳

◗✉❡stã♦ ✷✶✳ ❈♦♥s✐❞❡r❡ ❛s ❢✉♥çõ❡s f1✱ f2✱ f : R → R✱ s❡♥❞♦ f1(x) =
1

2
|x| + 3✱ f2(x) = 3

2
|x + 1| ❡

f(x) ✐❣✉❛❧ ❛♦ ♠❛✐♦r ✈❛❧♦r ❡♥tr❡ f1(x) ❡ f2(x)✱ ♣❛r❛ ❝❛❞❛ x ∈ R✳ ❉❡t❡r♠✐♥❡✿
❛✮ ❚♦❞♦s ♦s x ∈ R t❛✐s q✉❡ f1(x) = f2(x)✳
❜✮ ❖ ♠❡♥♦r ✈❛❧♦r ❛ss✉♠✐❞♦ ♣❡❧❛ ❢✉♥çã♦ f ✳
❝✮ ❚♦❞❛s ❛s s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦ f(x) = 5✳

◗✉❡stã♦ ✷✷✳ ❈♦♥s✐❞❡r❡ ♦ ♣♦❧✐♥ô♠✐♦ p ❞❛❞♦ ♣♦r p(z) = 18z3 + βz2 − 7z− β✱ ❡♠ q✉❡ β é ✉♠ ♥ú♠❡r♦
r❡❛❧✳
❛✮ ❉❡t❡r♠✐♥❡ t♦❞♦s ♦s ✈❛❧♦r❡s ❞❡ β s❛❜❡♥❞♦✲s❡ q✉❡ p t❡♠ ✉♠❛ r❛✐③ ❞❡ ♠ó❞✉❧♦ ✐❣✉❛❧ ❛ 1 ❡ ♣❛rt❡
✐♠❛❣✐♥ár✐❛ ♥ã♦ ♥✉❧❛✳
❜✮ P❛r❛ ❝❛❞❛ ✉♠ ❞♦s ✈❛❧♦r❡s ❞❡ β ♦❜t✐❞♦s ❡♠ ❛✮✱ ❞❡t❡r♠✐♥❡ t♦❞❛s ❛s r❛í③❡s ❞♦ ♣♦❧✐♥ô♠✐♦ p✳

◗✉❡stã♦ ✷✸✳ ❙❛❜❡✲s❡ q✉❡ 1, B, C,D ❡ E sã♦ ❝✐♥❝♦ ♥ú♠❡r♦s r❡❛✐s q✉❡ s❛t✐s❢❛③❡♠ às ♣r♦♣r✐❡❞❛❞❡s✿
✭✐✮ B,C,D,E sã♦ ❞♦✐s ❛ ❞♦✐s ❞✐st✐♥t♦s❀
✭✐✐✮ ♦s ♥ú♠❡r♦s 1, B, C, ❡ ♦s ♥ú♠❡r♦s 1, C, E, ❡stã♦✱ ♥❡st❛ ♦r❞❡♠✱ ❡♠ ♣r♦❣r❡ssã♦ ❛r✐t♠ét✐❝❛❀
✭✐✐✐✮ ♦s ♥ú♠❡r♦s B,C,D,E, ❡stã♦✱ ♥❡st❛ ♦r❞❡♠✱ ❡♠ ♣r♦❣r❡ssã♦ ❣❡♦♠étr✐❝❛✳
❉❡t❡r♠✐♥❡ B,C,D,E✳



◗✉❡stã♦ ✷✹✳ ❙❡❥❛ M ⊂ R ❞❛❞♦ ♣♦r M = {|z2 + az − 1| : z ∈ C ❡ |z| = 1}✱ ❝♦♠ a ∈ R✳ ❉❡t❡r♠✐♥❡ ♦
♠❛✐♦r ❡❧❡♠❡♥t♦ ❞❡ M ❡♠ ❢✉♥çã♦ ❞❡ a✳

◗✉❡stã♦ ✷✺✳ ❙❡❥❛ S ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ❣r❛✉ ✹ q✉❡ tê♠ três ❞♦s s❡✉s ❝♦❡✜❝✐❡♥t❡s
✐❣✉❛✐s ❛ ✷ ❡ ♦s ♦✉tr♦s ❞♦✐s ✐❣✉❛✐s ❛ ✶✳
❛✮ ❉❡t❡r♠✐♥❡ ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ S✳
❜✮ ❉❡t❡r♠✐♥❡ ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ S ❢♦r♠❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s q✉❡ tê♠ −1 ❝♦♠♦ ✉♠❛ ❞❡ s✉❛s r❛í③❡s✳

◗✉❡stã♦ ✷✻✳ ❚rês ♣❡ss♦❛s✱ ❛q✉✐ ❞❡s✐❣♥❛❞❛s ♣♦r A✱ B ❡ C✱ r❡❛❧✐③❛♠ ♦ s❡❣✉✐♥t❡ ❡①♣❡r✐♠❡♥t♦✿ A
r❡❝❡❜❡ ✉♠ ❝❛rtã♦ ❡♠ ❜r❛♥❝♦ ❡ ♥❡❧❡ ❛ss✐♥❛❧❛ ♦ s✐♥❛❧ + ♦✉ ♦ s✐♥❛❧ −✱ ♣❛ss❛♥❞♦ ❡♠ s❡❣✉✐❞❛ ❛ B✱ q✉❡
♠❛♥té♠ ♦✉ tr♦❝❛ ♦ s✐♥❛❧ ♠❛r❝❛❞♦ ♣♦r A ❡ r❡♣❛ss❛ ♦ ❝❛rtã♦ ❛ C✳ ❊st❡✱ ♣♦r s✉❛ ✈❡③✱ t❛♠❜é♠ ♦♣t❛
♣♦r ♠❛♥t❡r ♦✉ tr♦❝❛r ♦ s✐♥❛❧ ❞♦ ❝❛rtã♦✳ ❙❡♥❞♦ ❞❡ 1/3 ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ A ❡s❝r❡✈❡r ♦ s✐♥❛❧ + ❡ ❞❡
2/3 ❛s r❡s♣❡❝t✐✈❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ B ❡ C tr♦❝❛r❡♠ ♦ s✐♥❛❧ r❡❝❡❜✐❞♦✱ ❞❡t❡r♠✐♥❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡
A ❤❛✈❡r ❡s❝r✐t♦ ♦ s✐♥❛❧ + s❛❜❡♥❞♦✲s❡ t❡r s✐❞♦ ❡st❡ ♦ s✐♥❛❧ ❛♦ tér♠✐♥♦ ❞♦ ❡①♣❡r✐♠❡♥t♦✳

◗✉❡stã♦ ✷✼✳ ❙❡❥❛ n ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ t❛❧ q✉❡ s❡♥
π

2n
=

√

2−
√
3

4
✳

❛✮ ❉❡t❡r♠✐♥❡ n✳

❜✮ ❉❡t❡r♠✐♥❡ s❡♥
π

24
✳

◗✉❡stã♦ ✷✽✳ ❙❡❥❛♠ α ❡ β ♥ú♠❡r♦s r❡❛✐s ♥ã♦ ♥✉❧♦s✳ ❉❡t❡r♠✐♥❡ ♦s ✈❛❧♦r❡s ❞❡ b, c, d✱ ❜❡♠ ❝♦♠♦ ❛
r❡❧❛çã♦ ❡♥tr❡ α ❡ β ♣❛r❛ q✉❡ ❛♠❜♦s ♦s s✐st❡♠❛s ❧✐♥❡❛r❡s S ❡ T ❛ s❡❣✉✐r s❡❥❛♠ ❝♦♠♣❛tí✈❡✐s ✐♥❞❡t❡r♠✐✲
♥❛❞♦s✳

S

{

2x+ by = α
cx+ y = β

T

{

cx+ 3y = α
4x+ dy = β

◗✉❡stã♦ ✷✾✳ ❙❛❜❡✲s❡ q✉❡ ❛ ❡q✉❛çã♦ 3x2 +5xy− 2y2 − 3x+8y− 6 = 0 r❡♣r❡s❡♥t❛ ❛ r❡✉♥✐ã♦ ❞❡ ❞✉❛s
r❡t❛s ❝♦♥❝♦rr❡♥t❡s✱ r ❡ s✱ ❢♦r♠❛♥❞♦ ✉♠ â♥❣✉❧♦ ❛❣✉❞♦ θ✳ ❉❡t❡r♠✐♥❡ ❛ t❛♥❣❡♥t❡ ❞❡ θ✳

◗✉❡stã♦ ✸✵✳ ◆❛ ❝♦♥str✉çã♦ ❞❡ ✉♠ t❡tr❛❡❞r♦✱ ❞♦❜r❛✲s❡ ✉♠❛ ❢♦❧❤❛ r❡t❛♥❣✉❧❛r ❞❡ ♣❛♣❡❧✱ ❝♦♠ ❧❛❞♦s
❞❡ ✸ ❝♠ ❡ ✹ ❝♠✱ ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ ❞❡ s✉❛s ❞✐❛❣♦♥❛✐s✱ ❞❡ ♠♦❞♦ q✉❡ ❡ss❛s ❞✉❛s ♣❛rt❡s ❞❛ ❢♦❧❤❛ ❢♦r♠❡♠
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