
❈❛s♦ ♥❡❝❡ssár✐♦✱ ✉s❡ ♦s s❡❣✉✐♥t❡s ❞❛❞♦s✿
❆❝❡❧❡r❛çã♦ ❞❛ ❣r❛✈✐❞❛❞❡ ❂ ✶✵ ♠✴s2 ❉❡♥s✐❞❛❞❡ ❞❛ á❣✉❛ ❂ ✶✱✵ ❣✴❝♠3

❱❡❧♦❝✐❞❛❞❡ ❞❡ s♦♠ ♥♦ ❛r ❂ ✸✹✵ ♠✴s ❈♦♠♣r✐♠❡♥t♦ ❞❡ ♦♥❞❛ ♠é❞✐♦ ❞❛ ❧✉③ ❂ ✺✼✵ ♥♠

◗✉❡stã♦ ✶✳ ❯♠ ♣r♦❜❧❡♠❛ ❝❧áss✐❝♦ ❞❛ ❝✐♥❡♠át✐❝❛ ❝♦♥s✐❞❡r❛ ♦❜❥❡t♦s q✉❡✱ ❛ ♣❛rt✐r ❞❡
❝❡rt♦ ✐♥st❛♥t❡✱ s❡ ♠♦✈❡♠ ❝♦♥❥✉♥t❛♠❡♥t❡ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ♠ó❞✉❧♦ ❝♦♥st❛♥t❡ ❛ ♣❛rt✐r ❞♦s
✈ért✐❝❡s ❞❡ ✉♠ ♣♦❧í❣♦♥♦ r❡❣✉❧❛r✱ ❝❛❞❛ q✉❛❧ ❛♣♦♥t❛♥❞♦ à ♣♦s✐çã♦ ✐♥st❛♥tâ♥❡❛ ❞♦ ♦❜❥❡t♦
✈✐③✐♥❤♦ ❡♠ ♠♦✈✐♠❡♥t♦✳ ❆ ✜❣✉r❛ ♠♦str❛ ❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ss❡ ♠♦✈✐♠❡♥t♦ ♠ú❧t✐♣❧♦ ♥♦ ❝❛s♦
❞❡ ✉♠ ❤❡①á❣♦♥♦ r❡❣✉❧❛r✳ ❈♦♥s✐❞❡r❡ q✉❡ ♦ ❤❡①á❣♦♥♦ t✐♥❤❛ ✶✵✱✵ ♠ ❞❡ ❧❛❞♦ ♥♦ ✐♥st❛♥t❡
✐♥✐❝✐❛❧ ❡ q✉❡ ♦s ♦❜❥❡t♦s s❡ ♠♦✈✐♠❡♥t❛♠ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ♠ó❞✉❧♦ ❝♦♥st❛♥t❡ ❞❡ ✷✱✵✵ ♠✴s✳
❆♣ós q✉❛♥t♦ t❡♠♣♦ ❡st❡s s❡ ❡♥❝♦♥tr❛rã♦ ❡ q✉❛❧ ❞❡✈❡rá s❡r ❛ ❞✐stâ♥❝✐❛ ♣❡r❝♦rr✐❞❛ ♣♦r ❝❛❞❛
✉♠ ❞♦s s❡✐s ♦❜❥❡t♦s❄

❆ ✭ ✮ ✺✱✽ s ❡ ✶✶✱✺ ♠
❇ ✭ ✮ ✶✶✱✺ s ❡ ✺✱✽ ♠
❈ ✭ ✮ ✶✵✱✵ s ❡ ✷✵✱✵ ♠
❉ ✭ ✮ ✷✵✱✵ s ❡ ✶✵✱✵ ♠
❊ ✭ ✮ ✷✵✱✵ s ❡ ✹✵✱✵ ♠

◗✉❡stã♦ ✷✳ ❯♠ ❝✉❜♦ ♠❛❝✐ç♦ ❤♦♠♦❣ê♥❡♦ ❝♦♠ ✹✱✵ ❝♠ ❞❡ ❛r❡st❛ ✢✉t✉❛ ♥❛ á❣✉❛ tr❛♥q✉✐❧❛
❞❡ ✉♠❛ ❧❛❣♦❛✱ ❞❡ ♠♦❞♦ ❛ ♠❛♥t❡r ✼✵✪ ❞❛ ár❡❛ t♦t❛❧ ❞❛ s✉❛ s✉♣❡r❢í❝✐❡ ❡♠ ❝♦♥t❛t♦ ❝♦♠
❛ á❣✉❛✱ ❝♦♥❢♦r♠❡ ♠♦str❛ ❛ ✜❣✉r❛✳ ❆ s❡❣✉✐r✱ ✉♠❛ ♣❡q✉❡♥❛ rã s❡ ❛❝♦♠♦❞❛ ♥♦ ❝❡♥tr♦ ❞❛
❢❛❝❡ s✉♣❡r✐♦r ❞♦ ❝✉❜♦ ❡ ❡st❡ s❡ ❛❢✉♥❞❛ ♠❛✐s ✵✱✺✵ ❝♠ ♥❛ á❣✉❛✳ ❆ss✐♥❛❧❡ ❛ ♦♣çã♦ ❝♦♠ ♦s
✈❛❧♦r❡s ❛♣r♦①✐♠❛❞♦s ❞❛ ❞❡♥s✐❞❛❞❡ ❞♦ ❝✉❜♦ ❡ ❞❛ ♠❛ss❛ ❞❛ rã✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❆ ✭ ✮ ✵✱✷✵ ❣✴❝♠3 ❡ ✻✱✹ ❣
❇ ✭ ✮ ✵✱✼✵ ❣✴❝♠3 ❡ ✻✱✹ ❣
❈ ✭ ✮ ✵✱✼✵ ❣✴❝♠3 ❡ ✽✱✵ ❣
❉ ✭ ✮ ✵✱✽✵ ❣✴❝♠3 ❡ ✻✱✹ ❣
❊ ✭ ✮ ✵✱✽✵ ❣✴❝♠3 ❡ ✽✱✵ ❣✳

◗✉❡stã♦ ✸✳ ❯♠❛ ♣❡ss♦❛ ❞❡ ✽✵✱✵ ❦❣ ❞❡✐①❛✲s❡ ❝❛✐r ✈❡rt✐❝❛❧♠❡♥t❡ ❞❡ ✉♠❛ ♣♦♥t❡ ❛♠❛rr❛❞❛ ❛ ✉♠❛ ❝♦r❞❛
❡❧ást✐❝❛ ❞❡ ✧❜✉♥❣❡❡ ❥✉♠♣✐♥❣✧ ❝♦♠ ✶✻✱✵ ♠ ❞❡ ❝♦♠♣r✐♠❡♥t♦✳ ❈♦♥s✐❞❡r❡ q✉❡ ❛ ❝♦r❞❛ s❡ ❡st✐❝❛rá ❛té ✷✵✱✵ ♠
❞❡ ❝♦♠♣r✐♠❡♥t♦ s♦❜ ❛ ❛çã♦ ❞♦ ♣❡s♦✳ ❙✉♣♦♥❤❛ q✉❡✱ ❡♠ t♦❞♦ ♦ tr❛❥❡t♦✱ ❛ ♣❡ss♦❛ t♦q✉❡ ❝♦♥t✐♥✉❛♠❡♥t❡ ✉♠❛
✈✉✈✉③❡❧❛✱ ❝✉❥❛ ❢r❡q✉ê♥❝✐❛ ♥❛t✉r❛❧ é ❞❡ ✷✸✺ ❍③✳ ◗✉❛❧✭✐s✮ é✭sã♦✮ ❛✭s✮ ❞✐stâ♥❝✐❛✭s✮ ❛❜❛✐①♦ ❞❛ ♣♦♥t❡ ❡♠ q✉❡ ❛
♣❡ss♦❛ s❡ ❡♥❝♦♥tr❛ ♣❛r❛ q✉❡ ✉♠ s♦♠ ❞❡ ✷✷✺ ❍③ s❡❥❛ ♣❡r❝❡❜✐❞♦ ♣♦r ❛❧❣✉é♠ ♣❛r❛❞♦ s♦❜r❡ ❛ ♣♦♥t❡❄

❆ ✭ ✮ ✶✶✱✹ ♠
❇ ✭ ✮ ✶✶✱✹ ♠ ❡ ✶✹✱✹ ♠
❈ ✭ ✮ ✶✶✱✹ ♠ ❡ ✶✽✱✹ ♠
❉ ✭ ✮ ✶✹✱✹ ♠ ❡ ✶✽✱✹ ♠
❊ ✭ ✮ ✶✶✱✹ ♠✱ ✶✹✱✹ ♠ ❡ ✶✽✱✹ ♠

◗✉❡stã♦ ✹✳ ◆❛ ✜❝çã♦ ❝✐❡♥tí✜❝❛ ❆ ❊str❡❧❛✱ ❞❡ ❍✳●✳ ❲❡❧❧s✱ ✉♠ ❣r❛♥❞❡ ❛st❡ró✐❞❡ ♣❛ss❛ ♣ró①✐♠♦ à ❚❡rr❛
q✉❡✱ ❡♠ ❝♦♥s❡q✉ê♥❝✐❛✱ ✜❝❛ ❝♦♠ s✉❛ ♥♦✈❛ ór❜✐t❛ ♠❛✐s ♣ró①✐♠❛ ❞♦ ❙♦❧ ❡ t❡♠ s❡✉ ❝✐❝❧♦ ❧✉♥❛r ❛❧t❡r❛❞♦ ♣❛r❛
✽✵ ❞✐❛s✳ P♦❞❡✲s❡ ❝♦♥❝❧✉✐r q✉❡✱ ❛♣ós ♦ ❢❡♥ô♠❡♥♦✱ ♦ ❛♥♦ t❡rr❡str❡ ❡ ❛ ❞✐stâ♥❝✐❛ ❚❡rr❛✲▲✉❛ ✈ã♦ t♦r♥❛r✲s❡✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❆ ✭ ✮ ♠❛✐s ❝✉rt♦ ✲ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❛ ♠❡t❛❞❡ ❞♦ q✉❡ ❡r❛ ❛♥t❡s✳
❇ ✭ ✮ ♠❛✐s ❝✉rt♦ ✲ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❞✉❛s ✈❡③❡s ♦ q✉❡ ❡r❛ ❛♥t❡s✳
❈ ✭ ✮ ♠❛✐s ❝✉rt♦ ✲ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ q✉❛tr♦ ✈❡③❡s ♦ q✉❡ ❡r❛ ❛♥t❡s✳
❉ ✭ ✮ ♠❛✐s ❧♦♥❣♦ ✲ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❛ ♠❡t❛❞❡ ❞♦ q✉❡ ❡r❛ ❛♥t❡s✳
❊ ✭ ✮ ♠❛✐s ❧♦♥❣♦ ✲ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✉♠ q✉❛rt♦ ❞♦ q✉❡ ❡r❛ ❛♥t❡s✳



◗✉❡stã♦ ✺✳ ❙♦❜r❡ ✉♠❛ ♠❡s❛ s❡♠ ❛tr✐t♦✱ ✉♠❛ ❜♦❧❛ ❞❡ ♠❛ss❛ M é ♣r❡s❛ ♣♦r
❞✉❛s ♠♦❧❛s ❛❧✐♥❤❛❞❛s✱ ❞❡ ❝♦♥st❛♥t❡ ❞❡ ♠♦❧❛ k ❡ ❝♦♠♣r✐♠❡♥t♦ ♥❛t✉r❛❧ ℓ0✱
✜①❛❞❛s ♥❛s ❡①tr❡♠✐❞❛❞❡s ❞❛ ♠❡s❛✳ ❊♥tã♦✱ ❛ ❜♦❧❛ é ❞❡s❧♦❝❛❞❛ ❛ ✉♠❛ ❞✐stâ♥❝✐❛
x ♥❛ ❞✐r❡çã♦ ♣❡r♣❡♥❞✐❝✉❧❛r à ❧✐♥❤❛ ✐♥✐❝✐❛❧ ❞❛s ♠♦❧❛s✱ ❝♦♠♦ ♠♦str❛ ❛ ✜❣✉r❛✱
s❡♥❞♦ s♦❧t❛ ❛ s❡❣✉✐r✳ ❖❜t❡♥❤❛ ❛ ❛❝❡❧❡r❛çã♦ ❞❛ ❜♦❧❛✱ ✉s❛♥❞♦ ❛ ❛♣r♦①✐♠❛çã♦
(1 + a)α = 1 + αa✳

ℓ0 ℓ0

x

M

❆ ✭ ✮ a = −kx/M

❇ ✭ ✮ a = −kx2/2Mℓ0

❈ ✭ ✮ a = −kx2/Mℓ0

❉ ✭ ✮ a = −kx3/2Mℓ2
0

❊ ✭ ✮ a = −kx3/Mℓ2
0

◗✉❡stã♦ ✻✳ ❯♠ ❝♦r♣♦ ❞❡ ♠❛ss❛ M ✱ ✐♥✐❝✐❛❧♠❡♥t❡ ❡♠ r❡♣♦✉s♦✱ é ❡r❣✉✐❞♦ ♣♦r ✉♠❛ ❝♦r❞❛ ❞❡ ♠❛ss❛ ❞❡s✲
♣r❡③í✈❡❧ ❛té ✉♠❛ ❛❧t✉r❛ H✱ ♦♥❞❡ ✜❝❛ ♥♦✈❛♠❡♥t❡ ❡♠ r❡♣♦✉s♦✳ ❈♦♥s✐❞❡r❡ q✉❡ ❛ ♠❛✐♦r tr❛çã♦ q✉❡ ❛ ❝♦r❞❛
♣♦❞❡ s✉♣♦rt❛r t❡♥❤❛ ♠ó❞✉❧♦ ✐❣✉❛❧ ❛ nMg✱ ❡♠ q✉❡ n > 1✳ ◗✉❛❧ ❞❡✈❡ s❡r ♦ ♠❡♥♦r t❡♠♣♦ ♣♦ssí✈❡❧ ♣❛r❛ s❡r
❢❡✐t♦ ♦ ❡r❣✉✐♠❡♥t♦ ❞❡ss❡ ❝♦r♣♦❄

❆ ✭ ✮
√

2H
(n−1)g

❇ ✭ ✮
√

2nH
(n−1)g

❈ ✭ ✮
√

nH
2(n−1)2g

❉ ✭ ✮
√

4nH
(n−2)g

❊ ✭ ✮
√

4nH
(n−1)g

◗✉❡stã♦ ✼✳ ❯♠❛ ♣❛rtí❝✉❧❛ ❞❡ ♠❛ss❛ m ♠♦✈❡✲s❡ s♦❜r❡ ✉♠❛ ❧✐♥❤❛ r❡t❛ ❤♦r✐③♦♥t❛❧ ♥✉♠ ▼♦✈✐♠❡♥t♦ ❍❛r✲
♠ô♥✐❝♦ ❙✐♠♣❧❡s ✭▼❍❙✮ ❝♦♠ ❝❡♥tr♦ ❖✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❛ ♣❛rtí❝✉❧❛ ❡♥❝♦♥tr❛✲s❡ ♥❛ ♠á①✐♠❛ ❞✐stâ♥❝✐❛ x0 ❞❡
❖ ❡✱ ❛ s❡❣✉✐r✱ ♣❡r❝♦rr❡ ✉♠❛ ❞✐stâ♥❝✐❛ a ♥♦ ♣r✐♠❡✐r♦ s❡❣✉♥❞♦ ❡ ✉♠❛ ❞✐stâ♥❝✐❛ b ♥♦ s❡❣✉♥❞♦ s❡❣✉✐♥t❡✱ ♥❛
♠❡s♠❛ ❞✐r❡çã♦ ❡ s❡♥t✐❞♦✳ ◗✉❛♥t♦ ✈❛❧❡ ❛ ❛♠♣❧✐t✉❞❡ x0 ❞❡ss❡ ♠♦✈✐♠❡♥t♦❄

❆ ✭ ✮ 2a3/(3a2 − b2)

❇ ✭ ✮ 2b2/(4a − b)

❈ ✭ ✮ 2a2/(3a − b)

❉ ✭ ✮ 2a2b/(3a2 − b2)

❊ ✭ ✮ 4a2/(3a − 2b)

◗✉❡stã♦ ✽✳ ❉✉❛s ♣❛rtí❝✉❧❛s ✐❞ê♥t✐❝❛s✱ ❞❡ ♠❡s♠❛ ♠❛ss❛ m✱ sã♦ ♣r♦❥❡t❛❞❛s ❞❡ ✉♠❛ ♦r✐❣❡♠ ❖ ❝♦♠✉♠✱
♥✉♠ ♣❧❛♥♦ ✈❡rt✐❝❛❧✱ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡s ✐♥✐❝✐❛✐s ❞❡ ♠❡s♠♦ ♠ó❞✉❧♦ ❡ â♥❣✉❧♦s ❞❡ ❧❛♥ç❛♠❡♥t♦ r❡s♣❡❝t✐✈❛♠❡♥t❡
α ❡ β ❡♠ r❡❧❛çã♦ à ❤♦r✐③♦♥t❛❧✳ ❈♦♥s✐❞❡r❡ T1 ❡ T2 ♦s r❡s♣❡❝t✐✈♦s t❡♠♣♦s ❞❡ ❛❧❝❛♥❝❡ ❞♦ ♣♦♥t♦ ♠❛✐s ❛❧t♦ ❞❡
❝❛❞❛ tr❛❥❡tór✐❛ ❡ t1 ❡ t2 ♦s r❡s♣❡❝t✐✈♦s t❡♠♣♦s ♣❛r❛ ❛s ♣❛rtí❝✉❧❛s ❛❧❝❛♥ç❛r ✉♠ ♣♦♥t♦ ❝♦♠✉♠ ❞❡ ❛♠❜❛s ❛s
tr❛❥❡tór✐❛s✳ ❆ss✐♥❛❧❡ ❛ ♦♣çã♦ ❝♦♠ ♦ ✈❛❧♦r ❞❛ ❡①♣r❡ssã♦ t1T1 + t2T2✳

❆ ✭ ✮ 2v2
0 (t❣α + t❣β)/g2

❇ ✭ ✮ 2v2
0/g

2

❈ ✭ ✮ 4v2
0 s❡♥α/g2

❉ ✭ ✮ 4v2
0 s❡♥β/g2

❊ ✭ ✮ 2v2
0 (s❡♥α + s❡♥β)/g2



◗✉❡stã♦ ✾✳ ❯♠ ❡①❡r❝í❝✐♦ s♦❜r❡ ❛ ❞✐♥â♠✐❝❛ ❞❛ ♣❛rtí❝✉❧❛ t❡♠ s❡✉ ✐♥í❝✐♦ ❛ss✐♠ ❡♥✉♥❝✐❛❞♦ ✿ ❯♠❛ ♣❛rtí❝✉❧❛

❡stá s❡ ♠♦✈❡♥❞♦ ❝♦♠ ✉♠❛ ❛❝❡❧❡r❛çã♦ ❝✉❥♦ ♠ó❞✉❧♦ é ❞❛❞♦ ♣♦r µ (r + a3/r2) ✱ s❡♥❞♦ r ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❛

♦r✐❣❡♠ ❡ ❛ ♣❛rtí❝✉❧❛✳ ❈♦♥s✐❞❡r❡ q✉❡ ❛ ♣❛rtí❝✉❧❛ ❢♦✐ ❧❛♥ç❛❞❛ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ❞✐stâ♥❝✐❛ a ❝♦♠ ✉♠❛ ✈❡❧♦❝✐❞❛❞❡

✐♥✐❝✐❛❧ 2
√

µa✳ ❊①✐st❡ ❛❧❣✉♠ ❡rr♦ ❝♦♥❝❡✐t✉❛❧ ♥❡ss❡ ❡♥✉♥❝✐❛❞♦ ❄ P♦r q✉❡ r❛③ã♦❄

❆ ✭ ✮ ◆ã♦✱ ♣♦rq✉❡ ❛ ❡①♣r❡ssã♦ ♣❛r❛ ❛ ✈❡❧♦❝✐❞❛❞❡ é ❝♦♥s✐st❡♥t❡ ❝♦♠ ❛ ❞❛ ❛❝❡❧❡r❛çã♦❀
❇ ✭ ✮ ❙✐♠✱ ♣♦rq✉❡ ❛ ❡①♣r❡ssã♦ ❝♦rr❡t❛ ♣❛r❛ ❛ ✈❡❧♦❝✐❞❛❞❡ s❡r✐❛ 2a2√µ❀

❈ ✭ ✮ ❙✐♠✱ ♣♦rq✉❡ ❛ ❡①♣r❡ssã♦ ❝♦rr❡t❛ ♣❛r❛ ❛ ✈❡❧♦❝✐❞❛❞❡ s❡r✐❛ 2a2
√

µ/r❀

❉ ✭ ✮ ❙✐♠✱ ♣♦rq✉❡ ❛ ❡①♣r❡ssã♦ ❝♦rr❡t❛ ♣❛r❛ ❛ ✈❡❧♦❝✐❞❛❞❡ s❡r✐❛ 2
√

a2µ/r❀
❊ ✭ ✮ ❙✐♠✱ ♣♦rq✉❡ ❛ ❡①♣r❡ssã♦ ❝♦rr❡t❛ ♣❛r❛ ❛ ✈❡❧♦❝✐❞❛❞❡ s❡r✐❛ 2a

√
µ❀

◗✉❡stã♦ ✶✵✳ ❯♠ ♣r✐s♠❛ r❡❣✉❧❛r ❤❡①❛❣♦♥❛❧ ❤♦♠♦❣ê♥❡♦ ❝♦♠ ♣❡s♦ ❞❡ ✶✺ ◆ ❡ ❛r❡st❛
❞❛ ❜❛s❡ ❞❡ ✷✱✵ ♠ é ♠❛♥t✐❞♦ ❞❡ ♣é ❣r❛ç❛s ❛♦ ❛♣♦✐♦ ❞❡ ✉♠ ❞♦s s❡✉s ✈ért✐❝❡s ❞❛
❜❛s❡ ✐♥❢❡r✐♦r ✭✈❡r ✜❣✉r❛✮ ❡ à ❛çã♦ ❞❡ ✉♠❛ ❢♦rç❛ ✈❡rt✐❝❛❧ ❞❡ s✉s♣❡♥sã♦ ❞❡ ✶✵ ◆ ✭♥ã♦
♠♦str❛❞❛✮✳ ◆❡ss❛s ❝♦♥❞✐çõ❡s✱ ♦ ♣♦♥t♦ ❞❡ ❛♣❧✐❝❛çã♦ ❞❛ ❢♦rç❛ ♥❛ ❜❛s❡ s✉♣❡r✐♦r ❞♦
♣r✐s♠❛ ❡♥❝♦♥tr❛✲s❡

❆ ✭ ✮ s♦❜r❡ ♦ s❡❣♠❡♥t♦ RM ❛ ✷✱✵ ♠ ❞❡ R✳
❇ ✭ ✮ s♦❜r❡ ♦ s❡❣♠❡♥t♦ RN ❛ ✹✱✵ ♠ ❞❡ R✳
❈ ✭ ✮ s♦❜r❡ ♦ s❡❣♠❡♥t♦ RN ❛ ✸✱✵ ♠ ❞❡ R✳
❉ ✭ ✮ s♦❜r❡ ♦ s❡❣♠❡♥t♦ RN ❛ ✷✱✵ ♠ ❞❡ R✳
❊ ✭ ✮ s♦❜r❡ ♦ s❡❣♠❡♥t♦ RP ❛ ✷✱✺ ♠ ❞❡ R✳

◗✉❡stã♦ ✶✶✳ ❯♠ r❡❧ó❣✐♦ t❡♠ ✉♠ ♣ê♥❞✉❧♦ ❞❡ ✸✺ ❝♠ ❞❡ ❝♦♠♣r✐♠❡♥t♦✳ P❛r❛ r❡❣✉❧❛r s❡✉ ❢✉♥❝✐♦♥❛♠❡♥t♦✱
❡❧❡ ♣♦ss✉✐ ✉♠❛ ♣♦r❝❛ ❞❡ ❛❥✉st❡ q✉❡ ❡♥❝✉rt❛ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦ ♣ê♥❞✉❧♦ ❞❡ ✶ ♠♠ ❛ ❝❛❞❛ r♦t❛çã♦ ❝♦♠♣❧❡t❛
à ❞✐r❡✐t❛ ❡ ❛❧♦♥❣❛ ❡st❡ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ✶ ♠♠ ❛ ❝❛❞❛ r♦t❛çã♦ ❝♦♠♣❧❡t❛ à ❡sq✉❡r❞❛✳ ❙❡ ♦ r❡❧ó❣✐♦ ❛tr❛s❛ ✉♠
♠✐♥✉t♦ ♣♦r ❞✐❛✱ ✐♥❞✐q✉❡ ♦ ♥ú♠❡r♦ ❛♣r♦①✐♠❛❞♦ ❞❡ r♦t❛çõ❡s ❞❛ ♣♦r❝❛ ❡ s✉❛ ❞✐r❡çã♦ ♥❡❝❡ssár✐♦s ♣❛r❛ q✉❡ ❡❧❡
❢✉♥❝✐♦♥❡ ❝♦rr❡t❛♠❡♥t❡✳

❆ ✭ ✮ ✶ r♦t❛çã♦ à ❡sq✉❡r❞❛
❇ ✭ ✮ ✶✴✷ r♦t❛çã♦ à ❡sq✉❡r❞❛
❈ ✭ ✮ ✶✴✷ r♦t❛çã♦ à ❞✐r❡✐t❛
❉ ✭ ✮ ✶ r♦t❛çã♦ à ❞✐r❡✐t❛
❊ ✭ ✮ ✶ ❡ ✶✴✷ r♦t❛çõ❡s à ❞✐r❡✐t❛✳

◗✉❡stã♦ ✶✷✳ ❯♠ ❤❡♠✐s❢ér✐♦ ❞❡ ✈✐❞r♦ ♠❛❝✐ç♦ ❞❡ r❛✐♦ ❞❡ ✶✵ ❝♠ ❡ í♥❞✐❝❡ ❞❡
r❡❢r❛çã♦ n = 3/2 t❡♠ s✉❛ ❢❛❝❡ ♣❧❛♥❛ ❛♣♦✐❛❞❛ s♦❜r❡ ✉♠❛ ♣❛r❡❞❡✱ ❝♦♠♦ ✐❧✉str❛
❛ ✜❣✉r❛✳ ❯♠ ❢❡✐①❡ ❝♦❧✐♠❛❞♦ ❞❡ ❧✉③ ❞❡ ✶ ❝♠ ❞❡ ❞✐â♠❡tr♦ ✐♥❝✐❞❡ s♦❜r❡ ❛ ❢❛❝❡
❡s❢ér✐❝❛✱ ❝❡♥tr❛❞♦ ♥❛ ❞✐r❡çã♦ ❞♦ ❡✐①♦ ❞❡ s✐♠❡tr✐❛ ❞♦ ❤❡♠✐s❢ér✐♦✳ ❱❛❧❡♥❞♦✲s❡ ❞❛s
❛♣r♦①✐♠❛çõ❡s ❞❡ â♥❣✉❧♦s ♣❡q✉❡♥♦s✱ s❡♥ θ ≈ θ ❡ t❣ θ ≈ θ✱ ♦ ❞✐â♠❡tr♦ ❞♦ ❝ír❝✉❧♦
❞❡ ❧✉③ q✉❡ s❡ ❢♦r♠❛ s♦❜r❡ ❛ s✉♣❡r❢í❝✐❡ ❞❛ ♣❛r❡❞❡ é ❞❡

❆ ✭ ✮ ✶ ❝♠✳
❇ ✭ ✮ 2

3
❝♠✳

❈ ✭ ✮ 1
2

❝♠✳
❉ ✭ ✮ 1

3
❝♠✳

❊ ✭ ✮ 1
10

❝♠✳



◗✉❡stã♦ ✶✸✳ ❆ ✐♥✈❡rsã♦ t❡♠♣♦r❛❧ ❞❡ q✉❛❧ ❞♦s ♣r♦❝❡ss♦s ❛❜❛✐①♦ ◆➹❖ ✈✐♦❧❛r✐❛ ❛ s❡❣✉♥❞❛ ❧❡✐ ❞❡ t❡r♠♦✲
❞✐♥á♠✐❝❛❄

❆ ✭ ✮ ❆ q✉❡❞❛ ❞❡ ✉♠ ♦❜❥❡t♦ ❞❡ ✉♠❛ ❛❧t✉r❛ H ❡ s✉❜s❡q✉❡♥t❡ ♣❛r❛❞❛ ♥♦ ❝❤ã♦
❇ ✭ ✮ ❖ ♠♦✈✐♠❡♥t♦ ❞❡ ✉♠ s❛té❧✐t❡ ❛♦ r❡❞♦r ❞❛ ❚❡rr❛
❈ ✭ ✮ ❆ ❢r❡✐❛❞❛ ❜r✉s❝❛ ❞❡ ✉♠ ❝❛rr♦ ❡♠ ❛❧t❛ ✈❡❧♦❝✐❞❛❞❡
❉ ✭ ✮ ❖ ❡s❢r✐❛♠❡♥t♦ ❞❡ ✉♠ ♦❜❥❡t♦ q✉❡♥t❡ ♥✉♠ ❜❛♥❤♦ ❞❡ á❣✉❛ ❢r✐❛
❊ ✭ ✮ ❆ tr♦❝❛ ❞❡ ♠❛tér✐❛ ❡♥tr❡ ❛s ❞✉❛s ❡str❡❧❛s ❞❡ ✉♠ s✐st❡♠❛ ❜✐♥ár✐♦

◗✉❡stã♦ ✶✹✳ ❋♦♥t❡s ❞✐st❛♥t❡s ❞❡ ❧✉③ s❡♣❛r❛❞❛s ♣♦r ✉♠ â♥❣✉❧♦ α ♥✉♠❛ ❛❜❡rt✉r❛ ❞❡ ❞✐â♠❡tr♦ D ♣♦❞❡♠
s❡r ❞✐st✐♥❣✉✐❞❛s q✉❛♥❞♦ α > 1, 22λ/D✱ ❡♠ q✉❡ λ é ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♦♥❞❛ ❞❛ ❧✉③✳ ❯s❛♥❞♦ ♦ ✈❛❧♦r ❞❡ ✺
♠♠ ♣❛r❛ ♦ ❞✐â♠❡tr♦ ❞❛s s✉❛s ♣✉♣✐❧❛s✱ ❛ q✉❡ ❞✐stâ♥❝✐❛ ♠á①✐♠❛ ❛♣r♦①✐♠❛❞❛ ❞❡ ✉♠ ❝❛rr♦ ✈♦❝ê ❞❡✈❡r✐❛ ❡st❛r
♣❛r❛ ❛✐♥❞❛ ♣♦❞❡r ❞✐st✐♥❣✉✐r s❡✉s ❢❛ró✐s ❛❝❡s♦s❄ ❈♦♥s✐❞❡r❡ ✉♠❛ s❡♣❛r❛çã♦ ❡♥tr❡ ♦s ❢❛ró✐s ❞❡ ✷ ♠✳

❆ ✭ ✮ ✶✵✵ ♠
❇ ✭ ✮ ✺✵✵ ♠
❈ ✭ ✮ ✶ ❦♠
❉ ✭ ✮ ✶✵ ❦♠
❊ ✭ ✮ ✶✵✵ ❦♠

◗✉❡stã♦ ✶✺✳ ❯♠❛ ❞✐❢❡r❡♥ç❛ ❞❡ ♣♦t❡♥❝✐❛❧ ❡❧❡tr♦stát✐❝♦ V é ❡st❛❜❡❧❡❝✐❞❛
❡♥tr❡ ♦s ♣♦♥t♦s M ❡ Q ❞❛ r❡❞❡ ❝ú❜✐❝❛ ❞❡ ❝❛♣❛❝✐t♦r❡s ✐❞ê♥t✐❝♦s ♠♦str❛❞❛ ♥❛
✜❣✉r❛✳ ❆ ❞✐❢❡r❡♥ç❛ ❞❡ ♣♦t❡♥❝✐❛❧ ❡♥tr❡ ♦s ♣♦♥t♦s N ❡ P é

❆ ✭ ✮ V/2✳
❇ ✭ ✮ V/3✳
❈ ✭ ✮ V/4✳
❉ ✭ ✮ V/5✳
❊ ✭ ✮ V/6✳

◗✉❡stã♦ ✶✻✳ ❯♠ ✜♦ ❝♦♥❞✉t♦r é ❞❡rr❡t✐❞♦ q✉❛♥❞♦ ♦ ❝❛❧♦r ❣❡r❛❞♦ ♣❡❧❛ ❝♦rr❡♥t❡ q✉❡ ♣❛ss❛ ♣♦r ❡❧❡ s❡ ♠❛♥té♠
♠❛✐♦r q✉❡ ♦ ❝❛❧♦r ♣❡r❞✐❞♦ ♣❡❧❛ s✉♣❡r❢í❝✐❡ ❞♦ ✜♦ ✭❞❡s♣r❡③❛♥❞♦ ❛ ❝♦♥❞✉çã♦ ❞❡ ❝❛❧♦r ♣❡❧♦s ❝♦♥t❛t♦s✮✳ ❉❛❞♦
q✉❡ ✉♠❛ ❝♦rr❡♥t❡ ❞❡ ✶ ❆ é ❛ ♠í♥✐♠❛ ♥❡❝❡ssár✐❛ ♣❛r❛ ❞❡rr❡t❡r ✉♠ ✜♦ ❞❡ s❡çã♦ tr❛♥s✈❡rs❛❧ ❝✐r❝✉❧❛r ❞❡ ✶
♠♠ ❞❡ r❛✐♦ ❡ ✶ ❝♠ ❞❡ ❝♦♠♣r✐♠❡♥t♦✱ ❞❡t❡r♠✐♥❡ ❛ ❝♦rr❡♥t❡ ♠í♥✐♠❛ ♥❡❝❡ssár✐❛ ♣❛r❛ ❞❡rr❡t❡r ✉♠ ♦✉tr♦ ✜♦
❞❛ ♠❡s♠❛ s✉❜stâ♥❝✐❛ ❝♦♠ s❡çã♦ tr❛♥s✈❡rs❛❧ ❝✐r❝✉❧❛r ❞❡ ✹ ♠♠ ❞❡ r❛✐♦ ❡ ✹ ❝♠ ❞❡ ❝♦♠♣r✐♠❡♥t♦✳

❆ ✭ ✮ ✶✴✽ ❆
❇ ✭ ✮ ✶✴✹ ❆
❈ ✭ ✮ ✶ ❆
❉ ✭ ✮ ✹ ❆
❊ ✭ ✮ ✽ ❆

◗✉❡stã♦ ✶✼✳ Prót♦♥s ✭❝❛r❣❛ e ❡ ♠❛ss❛ mp✮✱ ❞❡✉t❡r♦♥s ✭❝❛r❣❛ e ❡ ♠❛ss❛ md = 2mp✮ ❡ ♣❛rtí❝✉❧❛s ❛❧❢❛s
✭❝❛r❣❛ 2e ❡ ♠❛ss❛ ma = 4mp✮ ❡♥tr❛♠ ❡♠ ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ✉♥✐❢♦r♠❡ ~B ♣❡r♣❡♥❞✐❝✉❧❛r ❛ s✉❛s ✈❡✲
❧♦❝✐❞❛❞❡s✱ ♦♥❞❡ s❡ ♠♦✈✐♠❡♥t❛♠ ❡♠ ór❜✐t❛s ❝✐r❝✉❧❛r❡s ❞❡ ♣❡rí♦❞♦s Tp✱ Td ❡ Ta✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P♦❞❡✲s❡
❛✜r♠❛r q✉❡ ❛s r❛③õ❡s ❞♦s ♣❡rí♦❞♦s Td/Tp ❡ Ta/Tp sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❆ ✭ ✮ ✶ ❡ ✶✳
❇ ✭ ✮ ✶ ❡

√
2✳

❈ ✭ ✮
√

2 ❡ ✷✳
❉ ✭ ✮ ✷ ❡

√
2✳

❊ ✭ ✮ ✷ ❡ ✷✳



◗✉❡stã♦ ✶✽✳ ❯♠❛ ❜♦❜✐♥❛ ❞❡ ✶✵✵ ❡s♣✐r❛s✱ ❝♦♠ s❡çã♦ tr❛♥s✈❡rs❛❧ ❞❡ ár❡❛ ❞❡ ✹✵✵ ❝♠2 ❡ r❡s✐stê♥❝✐❛ ❞❡ ✷✵
Ω✱ ❡stá ❛❧✐♥❤❛❞❛ ❝♦♠ s❡✉ ♣❧❛♥♦ ♣❡r♣❡♥❞✐❝✉❧❛r ❛♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❞❛ ❚❡rr❛✱ ❞❡ ✼✱✵ × 10−4 ❚ ♥❛ ❧✐♥❤❛
❞♦ ❊q✉❛❞♦r✳ ◗✉❛♥t❛ ❝❛r❣❛ ✢✉✐ ♣❡❧❛ ❜♦❜✐♥❛ ❡♥q✉❛♥t♦ ❡❧❛ é ✈✐r❛❞❛ ❞❡ ✶✽✵◦ ❡♠ r❡❧❛çã♦ ❛♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦❄

❆ ✭ ✮ ✶✱✹ × 10−4 ❈
❇ ✭ ✮ ✷✱✽ × 10−4 ❈
❈ ✭ ✮ ✶✱✹ × 10−2 ❈
❉ ✭ ✮ ✷✱✽ × 10−2 ❈
❊ ✭ ✮ ✶✱✹ ❈

◗✉❡stã♦ ✶✾✳ ◆♦ ❝✐r❝✉✐t♦ ✐❞❡❛❧ ❞❛ ✜❣✉r❛✱ ✐♥✐❝✐❛❧♠❡♥t❡ ❛❜❡rt♦✱ ♦ ❝❛♣❛❝✐t♦r ❞❡
❝❛♣❛❝✐tâ♥❝✐❛ CX ❡♥❝♦♥tr❛✲s❡ ❝❛rr❡❣❛❞♦ ❡ ❛r♠❛③❡♥❛ ✉♠❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❡❧étr✐❝❛
E✳ ❖ ❝❛♣❛❝✐t♦r ❞❡ ❝❛♣❛❝✐tâ♥❝✐❛ CY = 2 CX ❡stá ✐♥✐❝✐❛❧♠❡♥t❡ ❞❡s❝❛rr❡❣❛❞♦✳ ❆♣ós
❢❡❝❤❛r ♦ ❝✐r❝✉✐t♦ ❡ ❡st❡ ❛❧❝❛♥ç❛r ✉♠ ♥♦✈♦ ❡q✉✐❧í❜r✐♦✱ ♣♦❞❡✲s❡ ❛✜r♠❛r q✉❡ ❛ s♦♠❛
❞❛s ❡♥❡r❣✐❛s ❛r♠❛③❡♥❛❞❛s ♥♦s ❝❛♣❛❝✐t♦r❡s é ✐❣✉❛❧ ❛

❆ ✭ ✮ ✵✳
❇ ✭ ✮ E/9✳
❈ ✭ ✮ E/3✳
❉ ✭ ✮ 4E/9✳
❊ ✭ ✮ E✳

◗✉❡stã♦ ✷✵✳ ❖ ❛♣❛r❛t♦ ♣❛r❛ ❡st✉❞❛r ♦ ❡❢❡✐t♦ ❢♦t♦❡❧étr✐❝♦ ♠♦str❛❞♦ ♥❛
✜❣✉r❛ ❝♦♥s✐st❡ ❞❡ ✉♠ ✐♥✈ó❧✉❝r♦ ❞❡ ✈✐❞r♦ q✉❡ ❡♥❝❡rr❛ ♦ ❛♣❛r❡❧❤♦ ❡♠ ✉♠
❛♠❜✐❡♥t❡ ♥♦ q✉❛❧ s❡ ❢❛③ ✈á❝✉♦✳ ❆tr❛✈és ❞❡ ✉♠❛ ❥❛♥❡❧❛ ❞❡ q✉❛rt③♦✱ ❧✉③
♠♦♥♦❝r♦♠át✐❝❛ ✐♥❝✐❞❡ s♦❜r❡ ❛ ♣❧❛❝❛ ❞❡ ♠❡t❛❧ P ❡ ❧✐❜❡r❛ ❡❧étr♦♥s✳ ❖s
❡❧étr♦♥s sã♦ ❡♥tã♦ ❞❡t❡❝t❛❞♦s s♦❜ ❛ ❢♦r♠❛ ❞❡ ✉♠❛ ❝♦rr❡♥t❡✱ ❞❡✈✐❞♦ à
❞✐❢❡r❡♥ç❛ ❞❡ ♣♦t❡♥❝✐❛❧ V ❡st❛❜❡❧❡❝✐❞❛ ❡♥tr❡ P ❡ Q✳ ❈♦♥s✐❞❡r❛♥❞♦ ❞✉❛s
s✐t✉❛çõ❡s ❞✐st✐♥t❛s a ❡ b✱ ♥❛s q✉❛✐s ❛ ✐♥t❡♥s✐❞❛❞❡ ❞❛ ❧✉③ ✐♥❝✐❞❡♥t❡ ❡♠ a é ♦
❞♦❜r♦ ❞♦ ❝❛s♦ b✱ ❛ss✐♥❛❧❡ q✉❛❧ ❞♦s ❣rá✜❝♦s ❛❜❛✐①♦ r❡♣r❡s❡♥t❛ ❝♦rr❡t❛♠❡♥t❡
❛ ❝♦rr❡♥t❡ ❢♦t♦❡❧étr✐❝❛ ❡♠ ❢✉♥çã♦ ❞❛ ❞✐❢❡r❡♥ç❛ ❞❡ ♣♦t❡♥❝✐❛❧✳

❆ ✭ ✮
❇ ✭ ✮ ❈ ✭ ✮

❉ ✭ ✮ ❊ ✭ ✮



❆❙ ◗❯❊❙❚Õ❊❙ ❉■❙❙❊❘❚❆❚■❱❆❙✱ ◆❯▼❊❘❆❉❆❙ ❉❊ ✷✶ ❆ ✸✵✱ ❉❊❱❊▼ ❙❊❘
❘❊❙P❖◆❉■❉❆❙ ◆❖ ❈❆❉❊❘◆❖ ❉❊ ❙❖▲❯➬Õ❊❙✳

◗✉❡stã♦ ✷✶✳ ❯♠❛ ❜❛rr❛ ❤♦♠♦❣ê♥❡❛✱ ❛rt✐❝✉❧❛❞❛ ♥♦ ♣✐♥♦ O✱ é ♠❛♥t✐❞❛ ♥❛
♣♦s✐çã♦ ❤♦r✐③♦♥t❛❧ ♣♦r ✉♠ ✜♦ ✜①❛❞♦ ❛ ✉♠❛ ❞✐stâ♥❝✐❛ x ❞❡ O✳ ❈♦♠♦ ♠♦str❛ ❛
✜❣✉r❛✱ ♦ ✜♦ ♣❛ss❛ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ três ♣♦❧✐❛s q✉❡ t❛♠❜é♠ s✉st❡♥t❛♠ ✉♠
❜❧♦❝♦ ❞❡ ♣❡s♦ P ✳ ❉❡s♣r❡③❛♥❞♦ ❡❢❡✐t♦s ❞❡ ❛tr✐t♦ ❡ ♦ ♣❡s♦ ❞❛s ♣♦❧✐❛s✱ ❞❡t❡r♠✐♥❡ ❛
❢♦rç❛ ❞❡ ❛çã♦ ❞♦ ♣✐♥♦ O s♦❜r❡ ❛ ❜❛rr❛✳

◗✉❡stã♦ ✷✷✳ ❯♠ ♦❜❥❡t♦ ❞❡ ♠❛ss❛ m é ♣r♦❥❡t❛❞♦ ♥♦ ❛r ❛ ✹✺◦ ❞♦ ❝❤ã♦ ❤♦r✐③♦♥t❛❧ ❝♦♠ ✉♠❛ ✈❡❧♦❝✐❞❛❞❡ v✳ ◆♦
á♣✐❝❡ ❞❡ s✉❛ tr❛❥❡tór✐❛✱ ❡st❡ ♦❜❥❡t♦ é ✐♥t❡r❝❡♣t❛❞♦ ♣♦r ✉♠ s❡❣✉♥❞♦ ♦❜❥❡t♦✱ ❞❡ ♠❛ss❛ M ❡ ✈❡❧♦❝✐❞❛❞❡ V ✱ q✉❡
❤❛✈✐❛ s✐❞♦ ♣r♦❥❡t❛❞♦ ✈❡rt✐❝❛❧♠❡♥t❡ ❞♦ ❝❤ã♦✳ ❈♦♥s✐❞❡r❛♥❞♦ q✉❡ ♦s ❞♦✐s ♦❜❥❡t♦s ✧s❡ ❝♦❧❛♠✧ ❡ ❞❡s♣r❡③❛♥❞♦
q✉❛❧q✉❡r t✐♣♦ ❞❡ r❡s✐stê♥❝✐❛ ❛♦s ♠♦✈✐♠❡♥t♦s✱ ❞❡t❡r♠✐♥❡ ❛ ❞✐stâ♥❝✐❛ d ❞♦ ♣♦♥t♦ ❞❡ q✉❡❞❛ ❞♦s ♦❜❥❡t♦s ❡♠
r❡❧❛çã♦ ❛♦ ♣♦♥t♦ ❞❡ ❧❛♥ç❛♠❡♥t♦ ❞♦ s❡❣✉♥❞♦ ♦❜❥❡t♦✳

◗✉❡stã♦ ✷✸✳ ❯♠ ♣ê♥❞✉❧♦✱ ❝♦♠♣♦st♦ ❞❡ ✉♠❛ ♠❛ss❛ M ✜①❛❞❛ ♥❛ ❡①tr❡♠✐❞❛❞❡
❞❡ ✉♠ ✜♦ ✐♥❡①t❡♥sí✈❡❧ ❞❡ ❝♦♠♣r✐♠❡♥t♦ L✱ é s♦❧t♦ ❞❡ ✉♠❛ ♣♦s✐çã♦ ❤♦r✐③♦♥t❛❧✳
❊♠ ❞❛❞♦ ♠♦♠❡♥t♦ ❞♦ ♠♦✈✐♠❡♥t♦ ❝✐r❝✉❧❛r✱ ♦ ✜♦ é ✐♥t❡r❝❡♣t❛❞♦ ♣♦r ✉♠❛ ❜❛rr❛
♠❡tá❧✐❝❛ ❞❡ ❞✐â♠❡tr♦ ❞✐s♣r❡③í✈❡❧✱ q✉❡ s❡ ❡♥❝♦♥tr❛ ❛ ✉♠❛ ❞✐stâ♥❝✐❛ x ♥❛ ✈❡rt✐❝❛❧
❛❜❛✐①♦ ❞♦ ♣♦♥t♦ O✳ ❊♠ ❝♦♥s❡q✉ê♥❝✐❛✱ ❛ ♠❛ss❛ M ♣❛ss❛ ❛ s❡ ♠♦✈✐♠❡♥t❛r ♥✉♠
❝ír❝✉❧♦ ❞❡ r❛✐♦ L− x✱ ❝♦♥❢♦r♠❡ ♠♦str❛ ❛ ✜❣✉r❛✳ ❉❡t❡r♠✐♥❡ ❛ ❢❛✐①❛ ❞❡ ✈❛❧♦r❡s ❞❡
x ♣❛r❛ ♦s q✉❛✐s ❛ ♠❛ss❛ ❞♦ ♣ê♥❞✉❧♦ ❛❧❝❛♥❝❡ ♦ ♣♦♥t♦ ♠❛✐s ❛❧t♦ ❞❡st❡ ♥♦✈♦ ❝ír❝✉❧♦✳

◗✉❡stã♦ ✷✹✳ ❯♠ ❜❧♦❝♦✱ ❝♦♠ ❞✐str✐❜✉✐çã♦ ❤♦♠♦❣ê♥❛ ❞❡ ♠❛ss❛✱
t❡♠ ♦ ❢♦r♠❛t♦ ❞❡ ✉♠ ♣r✐s♠❛ r❡❣✉❧❛r ❝✉❥❛ s❡çã♦ tr❛♥s✈❡rs❛❧ é ✉♠
tr✐â♥❣✉❧♦ ❡q✉✐❧át❡r♦✳ ❚❡♥❞♦ ✵✱✺ ❣✴❝♠3 ❞❡ ❞❡♥s✐❞❛❞❡✱ t❛❧ ❜❧♦❝♦
♣♦❞❡rá ✢✉t✉❛r ♥❛ á❣✉❛ ❡♠ q✉❛❧q✉❡r ❞❛s ♣♦s✐çõ❡s ♠♦str❛❞❛s ♥❛
✜❣✉r❛✳ ◗✉❛❧ ❞❛s ❞✉❛s ♣♦s✐çõ❡s s❡rá ❛ ♠❛✐s ❡stá✈❡❧❄ ❏✉st✐✜q✉❡ s✉❛
r❡s♣♦st❛✳ ▲❡♠❜r❛r q✉❡ ♦ ❜❛r✐❝❡♥tr♦ ❞♦ tr✐â♥❣✉❧♦ ❡♥❝♦♥tr❛✲s❡ ❛ ✷✴✸
❞❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ✉♠ ✈ért✐❝❡ ❡ s❡✉ ❧❛❞♦ ♦♣♦st♦✳

◗✉❡stã♦ ✷✺✳ ❯♠ ✜❧♠❡ ✜♥♦ ❞❡ s❛❜ã♦ é s✉st❡♥t❛❞♦ ✈❡rt✐❝❛❧♠❡♥t❡ ♥♦ ❛r ♣♦r ✉♠❛ ❛r❣♦❧❛✳ ❆ ♣❛rt❡ s✉♣❡r✐♦r
❞♦ ✜❧♠❡ ❛♣❛r❡❝❡ ❡s❝✉r❛ q✉❛♥❞♦ é ♦❜s❡r✈❛❞❛ ♣♦r ♠❡✐♦ ❞❡ ❧✉③ ❜r❛♥❝❛ r❡✢❡t✐❞❛✳ ❆❜❛✐①♦ ❞❛ ♣❛rt❡ ❡s❝✉r❛
❛♣❛r❡❝❡♠ ❜❛♥❞❛s ❝♦❧♦r✐❞❛s✳ ❆ ♣r✐♠❡✐r❛ ❜❛♥❞❛ t❡♠ ❝♦r ✈❡r♠❡❧❤❛ ♦✉ ❛③✉❧❄ ❏✉st✐✜q✉❡ s✉❛ r❡s♣♦st❛✳

◗✉❡stã♦ ✷✻✳ ❖ t✉❜♦ ♠❛✐s ❝✉rt♦ ❞❡ ✉♠ ♦r❣ã♦ tí♣✐❝♦ ❞❡ t✉❜♦s t❡♠ ✉♠ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡
✼ ❝♠✳ ◗✉❛❧ é ♦ ❤❛r♠ô♥✐❝♦ ♠❛✐s ❛❧t♦ ♥❛ ❢❛✐①❛ ❛✉❞í✈❡❧✱ ❝♦♥s✐❞❡r❛❞❛ ❝♦♠♦ ❡st❛♥❞♦ ❡♥tr❡ ✷✵ ❍③ ❡ ✷✵✳✵✵✵ ❍③✱
❞❡ ✉♠ t✉❜♦ ❞❡st❡ ❝♦♠♣r✐♠❡♥t♦ ❛❜❡rt♦ ♥❛s ❞✉❛s ❡①tr❡♠✐❞❛❞❡s❄

◗✉❡stã♦ ✷✼✳ ❯♠❛ ❜♦❧❤❛ ❞❡ ❣ás ♠❡t❛♥♦ ❝♦♠ ✈♦❧✉♠❡ ❞❡ ✶✵ ❝♠3 é ❢♦r♠❛❞♦ ❛ ✸✵ ♠ ❞❡ ♣r♦❢✉♥❞✐❞❛❞❡ ♥✉♠
❧❛❣♦✳ ❙✉♣♦♥❤❛ q✉❡ ♦ ♠❡t❛♥♦ ❝♦♠♣♦rt❛✲s❡ ❝♦♠♦ ✉♠ ❣ás ✐❞❡❛❧ ❞❡ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ♠♦❧❛r CV = 3R ❡ ❝♦♥s✐❞❡r❡
❛ ♣r❡ssã♦ ❛t♠♦s❢ér✐❝❛ ✐❣✉❛❧ ❛ 105 ◆✴♠2✳ ❙✉♣♦♥❞♦ q✉❡ ❛ ❜♦❧❤❛ ♥ã♦ tr♦q✉❡ ❝❛❧♦r ❝♦♠ ❛ á❣✉❛ ❛♦ s❡✉ r❡❞♦r✱
❞❡t❡r♠✐♥❡ s❡✉ ✈♦❧✉♠❡ q✉❛♥❞♦ ❡❧❛ ❛t✐♥❣❡ ❛ s✉♣❡r❢í❝✐❡✳

◗✉❡stã♦ ✷✽✳ ❯♠❛ ❝♦rr❡♥t❡ IE ♣❡r❝♦rr❡ ✉♠❛ ❡s♣✐r❛ ❝✐r❝✉❧❛r ❞❡ r❛✐♦ R ❡♥q✉❛♥t♦
✉♠❛ ❝♦rr❡♥t❡ IF ♣❡r❝♦rr❡ ✉♠ ✜♦ ♠✉✐t♦ ❧♦♥❣♦✱ q✉❡ t❛♥❣❡♥❝✐❛ ❛ ❡s♣✐r❛✱ ❡st❛♥❞♦
❛♠❜♦s ♥♦ ♠❡s♠♦ ♣❧❛♥♦✱ ❝♦♠♦ ♠♦str❛ ❛ ✜❣✉r❛✳ ❉❡t❡r♠✐♥❡ ❛ r❛③ã♦ ❡♥tr❡
❛s ❝♦rr❡♥t❡s IE/IF ♣❛r❛ q✉❡ ✉♠❛ ❝❛r❣❛ Q ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ ✈ ♣❛r❛❧❡❧❛ ❛♦ ✜♦
♥♦ ♠♦♠❡♥t♦ q✉❡ ♣❛ss❛ ♣❡❧♦ ❝❡♥tr♦ P ❞❛ ❡s♣✐r❛ ♥ã♦ s♦❢r❛ ❛❝❡❧❡r❛çã♦ ♥❡ss❡ ✐♥st❛♥t❡✳



◗✉❡stã♦ ✷✾✳ ❯♠ t❛r✉❣♦ ❞❡ ✈✐❞r♦ ❞❡ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ n = 3/2 ❡ s❡çã♦ tr❛♥s✈❡rs❛❧
r❡t❛♥❣✉❧❛r é ♠♦❧❞❛❞♦ ♥❛ ❢♦r♠❛ ❞❡ ✉♠❛ ❢❡rr❛❞✉r❛✱ ❝♦♠♦ ✐❧✉str❛ ❛ ✜❣✉r❛✳ ❯♠ ❢❡✐①❡
❞❡ ❧✉③ ✐♥❝✐❞❡ ♣❡r♣❡♥❞✐❝✉❧❛r♠❡♥t❡ s♦❜r❡ ❛ s✉♣❡r❢í❝✐❡ ♣❧❛♥❛ P ✳ ❉❡t❡r♠✐♥❡ ♦ ✈❛❧♦r
♠í♥✐♠♦ ❞❛ r❛③ã♦ R/d ♣❛r❛ ♦ q✉❛❧ t♦❞❛ ❛ ❧✉③ q✉❡ ♣❡♥❡tr❛ ♣❡❧❛ s✉♣❡r❢í❝✐❡ P ❡♠❡r❥❛
❞♦ ✈✐❞r♦ ♣❡❧❛ s✉♣❡r❢í❝✐❡ Q✳

◗✉❡stã♦ ✸✵✳ ❖❜t❡♥❤❛ ✉♠❛ ❡①♣r❡ssã♦ ♣❛r❛ ❛s ❡♥❡r❣✐❛s ❞❛s ór❜✐t❛s ❞♦ ♠♦❞❡❧♦ ❞❡ ❇♦❤r ❞♦ át♦♠♦ ❞❡
❍✐❞r♦❣ê♥✐♦ ✉s❛♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ ✉♠❛ ór❜✐t❛ ❞♦ ❡❧étr♦♥ ❛♦ r❡❞♦r
❞♦ ♣rót♦♥ s❡❥❛ ✐❣✉❛❧ ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♦♥❞❛ ❞❡ ❞❡ ❇r♦❣❧✐❡ ❞♦ ❡❧étr♦♥✳


